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A UNIFORM BOUND FOR THE LAGRANGE POLYNOMIALS
OF LEJA POINTS FOR THE UNIT DISK AND APPLICATIONS
IN MULTIVARIATE LAGRANGE INTERPOLATION
Abstract. We study uniform estimates for the family of fundamental La-
grange polynomials associated with any Leja sequence for the complex unit
disk. The main result claims that all these polynomials are uniformly bounded
on the disk, i.e. independently on the range N of the associated N-Leja section.
We also give an improved estimate for special values of N . As a first applica-
tion, we get an analogous estimate for any compact subset whose boundary is
an Alper-smooth Jordan curve.
We then deal with some applications in multivariate Lagrange interpola-
tion. We first give some estimates of the Lebesgue constant for the intertwining
sequence of Leja sequences, a result that also requires an explicit formula for
the associated fundamental Lagrange polynomials with uniform estimates. We
finish by dealing with a method to get explicit bidimensional Leja sequences
and then give a positive example for the bidisk.
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1. Introduction
1.1. Definition of Leja points for the unit disk. In this paper we deal with
the estimates of the Lagrange polynomials of Leja points for the unit disk. We
denote the complex unit disk by
D = {z ∈ C, |z| < 1} ,
and D is the closed one.
Next, forN ≥ 1, for η1, . . . , ηN different complex numbers and z ∈ C, we consider
the fundamental Lagrange interpolation polynomial (FLIP) associated with ηk,
l
(N)
k (z) =
N∏
j=1,j 6=k
z − ηj
ηk − ηj , k = 1, . . . , N .(1.1)
1
2 A BOUND FOR LAGRANGE POLYNOMIALS OF LEJA POINTS AND APPLICATIONS
The problem of finding good sets {ηk}k≥1 for Lagrange interpolation (i.e. for
which we can have some control of the associated FLIPs) is a domain of big interest.
One of them is called a Leja sequence and will be considered in the whole paper.
Definition 1. A Leja sequence L for a compact set K ⊂ C is a sequence
(η1, η2, . . . , ηk, . . .) that satisfies the following property:
η1 ∈ ∂K ,(1.2)
and for all k ≥ 2,
sup
z∈K
k−1∏
j=1
|z − ηj |
 = k−1∏
j=1
|ηk − ηj | .(1.3)
For all N ≥ 1, the N -Leja section LN of a Leja sequence L is the finite sequence
given by the first N points of L.
These sequences took their name from F. Leja (see [16]) but they were first con-
sidered by A. Edrei (see [11], p. 78). Of course, these sequences are not necessarily
unique. Even if we fix the first k points ηj , the choice for ηk+1 can be multiple in
general. On the other hand, it follows by the maximum principle that all the ηj ’s
lie on the boundary ∂K.
In the following, we will essentially deal with the special case K = D for which
all the Leja sequences are explicit. One can find in [4] their complete description
with proof: if we fix η1 = 1, we have for all k ≥ 2,
ηk = exp
(
iπ
s∑
l=0
jl2
−l
)
where k − 1 =
s∑
l=0
jl2
l , jl ∈ {0, 1} .(1.4)
In particular, the first 2s points form a complete set of roots of unity of degree 2s.
Finally, these Leja sequences can be seen as an approximation to one-dimensional
Fekete sets (see [12]): aN -Fekete set for the compact subsetK is a set ofN elements
ζ1, . . . , ζN ∈ K which maximize (in modulus) the Vandermonde determinant, i.e.
|V DM (ζ1, . . . , ζN )| = sup
z1,...,zN∈K
|V DM (z1, . . . , zN)|(1.5)
= sup
z1,...,zN∈K
∏
1≤i<j≤N
|zj − zi| .
One of the essential differences is that determining Fekete sets is an N -dimensional
(with respect to C) optimization problem while determining Leja sequences is just a
1-dimensional one. In addition, it follows from Definition 1 that the construction of
Leja sequences is inductive (unlike any N -Fekete set which requires a new research
of an N -tuple (ζ1, . . . , ζN ) for every N ≥ 1).
1.2. Main result and a first application. The main result that we will prove
is the following.
Theorem 1. Let L = (η1, η2, . . .) be a Leja sequence for the unit disk. Then the
FLIPs l
(N)
k are uniformly bounded with respect to N ≥ 1 and k = 1, . . . , N , i.e.
sup
N≥k≥1
(
sup
z∈D
∣∣∣l(N)k (z)∣∣∣
)
≤ π exp(3π) .
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Some remarks are in order. First, the explicit bound may not be optimal: indeed,
this can be seen along the whole proof; on the other hand, an improvement for the
bound will be given in a special case for N = 2p − 1 in Section 5 (Theorem 5).
We prove that, except for an asymptotically negligible number of values for k =
1, . . . , N , the FLIPs are asymptotically bounded by 1.
Next, an important interpretation of this result is that any N -Leja section for
the disk has essentially the same property as any N -Fekete set. Indeed, it is known
that the FLIPs associated with any N -Fekete set are always bounded by 1: this
can be shown by noticing that every FLIP can be written as follows for all z ∈ C,
l
(N)
k (z) =
V DM (ζ1, . . . , ζk−1, z , ζk+1, . . . , ζN )
V DM (ζ1, . . . , ζN )
(1.6)
(where we have replaced ζk with z). It follows by (1.5) (and from the fact that
supz∈D
∣∣∣l(N)k (z)∣∣∣ ≥ ∣∣∣l(N)k (ζk)∣∣∣ = 1) that
sup
z∈D
∣∣∣l(N)k (z)∣∣∣ = 1 for all k = 1, . . . , N .(1.7)
Thus, the Fekete sets are essentially the best ones for Lagrange interpolation and
uniform stability of the associated FLIPs. Nevertheless, constructing them is gen-
erally a hard task. Therefore, a natural question is if there exist simpler sets with
the same property. Theorem 1 gives an affirmative answer with the Leja sequences
for the unit disk (with a slightly bigger bound but still universal).
Finally, as another application we can immediately deduce an estimate analogous
to [10, formula (1.15)] for the Lebesgue constant ΛN , N ≥ 1, of the N -section from
any Leja sequence for the unit disk. We remind that the Lebesgue constant is
defined for N ≥ 1 by
ΛN = sup
z∈D
(
N∑
k=1
∣∣∣l(N)k (z)∣∣∣
)
.(1.8)
Corollary 1. For all N ≥ 1,
ΛN ≤ π exp (3π)×N = O(N) .(1.9)
The first estimate of ΛN was obtained in [9, Corollary 7] where it was proved that
ΛN = O(N lnN). Afterwards, this estimate was improved in [10, formula (1.15)]
where it was proved that ΛN ≤ 2N . We cannot a priori hope any improvement of
the bound for O(N) by this way since we crudely estimate
ΛN = sup
z∈D
(
N∑
k=1
∣∣∣l(N)k (z)∣∣∣
)
≤
N∑
k=1
sup
z∈D
∣∣∣l(N)k (z)∣∣∣ .(1.10)
1.3. On the compact sets with Alper-smooth Jordan boundary. Another
application of Theorem 1 is an estimate of the FLIPs for compact sets whose bound-
ary is an Alper-smooth Jordan curve. It is a special class of compact sets: for
example, twice continuously differentiable Jordan curves are Alper-smooth. We
denote by Φ the conformal mapping from C \ D onto C \K.
If L is a Leja sequence for the unit disk, the image Φ(L) = (Φ (ηj))j≥1 (that
is well-defined since the ηj ’s belong to the unit circle) will not necessarily be a
Leja sequence for K. Nevertheless, we can give good estimates as specified by the
following result.
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Theorem 2. Let L = (ηj)j≥1 be a Leja sequence for the unit disk with |η1| = 1,
and let Φ(L) be its image by the conformal mapping Φ. Then for all N ≥ 1, we
have
max
1≤p≤N
sup
z∈K
∣∣∣∣∣∣
N∏
j=1,j 6=p
z − Φ(ηj)
Φ(ηp)− Φ(ηj)
∣∣∣∣∣∣
 = O (N2A/ ln(2)) ,
where A is a positive constant depending only on K.
As an immediate consequence, we get an estimate of the Lebesgue constant for
the compact set K.
Corollary 2. Let us consider Φ (L) where L is a Leja sequence for the unit disk
and Φ is the conformal mapping for K. We have the following estimate:
ΛN(K) = O
(
N1+2A/ ln(2)
)
,(1.11)
where A is a positive constant depending only on K.
Remark 1.1. As noticed by J. Ortega-Cerda`, one can make explicit the constant A
(see [4, Lemmas 2, 3 and their proofs]):
A = sup
|w|=1
∫ 2pi
0
∣∣∣∣∣ Φ′
(
eit
)
Φ (eit)− Φ(w) −
1
eit − w
∣∣∣∣∣ dt .(1.12)
1.4. Applications in multivariate Lagrange interpolation. Now we deal with
the essential applications of Theorem 1 in multivariate Lagrange interpolation.
In this subsection, we will consider the bidimensional case (although the follow-
ing results may be generalized to Cd). We first remind the lexicographic order
defined on N2: we say that (k1, l1) ≤ (k2, l2) iff k1 + l1 < k2 + l2, or k1 +
l1 = k2 + l2 and k1 ≥ k2. This definition gives a numeration of N2 as follows:
(0, 0), (1, 0), (0, 1), (2, 0), (1, 1), . . . This allows us to define an order on the stan-
dard basis monomials by{
ej(z, w) = z
k(j)wl(j) , j ≥ 1
}
.(1.13)
Similarly, we can define an order for the product of two complex sequences (ηk)k≥0
and (θl)l≥0, by {
Hj =
(
ηk(j), θl(j)
)
, j ≥ 1} .(1.14)
Next, we denote for all n ≥ 0, the space Pn ⊂ C[z, w] of complex polynomials of
degree at most n, and
Nn = dimPn = (n+ 1)(n+ 2)
2
.(1.15)
Notice that the set {H1, H2, . . . , HNn} = {(ηk, θl) , k + l ≤ n} is the so-called in-
tertwining array of the arrays {η0, η1 . . . , ηn} and {θ0, θ1, . . . , θn} (e.g., see [8] for a
general approach). Here we need to extend this definition and consider the arrays
{H1, H2, . . . , HN} for any value of N ≥ 1 (and not only for special values as Nn).
For all N ≥ 1, let us consider the unique integers n ≥ 0 and m with 0 ≤ m ≤ n,
such that
Nn−1 < N ≤ Nn and m = N −Nn−1 − 1 .(1.16)
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We can then consider the space
Pn,m = span {ej , 1 ≤ j ≤ N} .(1.17)
One has Pn−1 ⊂ Pn,m ⊂ Pn (with the convention that P−1 = {0}), and Pn,m
is spanned by Pn−1 and the monomials zn, zn−1w, . . . , zn−mwm. In particular,
Pn,n = Pn. On the other hand, by (1.16), dimPn,m = Nn−1 + m + 1 = N .
Similarly, we consider the set
ΩN := Ωn,m = {Hj , 1 ≤ j ≤ N}(1.18)
= {(η0, θ0) , . . . , (η0, θn−1) , (ηn, θ0) , . . . , (ηn−m, θm)} .
A first property is that for all N ≥ 1, the set ΩN is unisolvent for the space Pn,m
(Section 7, Corollary 6): for every function f defined on ΩN , there exists a unique
polynomial P ∈ Pn,m such that P (z, w) = f(z, w) for every (z, w) ∈ ΩN . This
extends in the special case of ΩN ⊂ C2 the classical idea of Biermann in [5] (see
also [8] for a general version with block unisolvent arrays). In addition, P is the
Lagrange interpolation polynomial L(N)[f ] of f with respect to ΩN , and defined
below. In particular, the generalized Vandermonde determinant of ΩN is nonzero,
i.e.
V DM (H1, H2, . . . , HN ) = det [ei (Hj)]1≤i,j≤N 6= 0 .
This allows us to introduce the (generalized) fundamental Lagrange polynomials
(FLIPs) by extending the expression in (1.6) as
l
(N)
Hp
(z, w) =
V DM (H1, H2, . . . , Hp−1, (z, w), Hp+1, . . . , HN)
V DM (H1, H2, . . . , HN )
, 1 ≤ p ≤ N.(1.19)
We can then define the multivarate Lagrange polynomial of any function f defined
on ΩN , by
L(N)[f ](z, w) =
N∑
p=1
f (Hp) l
(N)
Hp
(z, w) , ∀ (z, w) ∈ C2 .(1.20)
As it has been pointed out (e.g., see [7, p. 54]), there is no cancellation in (1.19)
so that the formulas cannot be simplified as in (1.1). Nevertheless, Proposition 3
in Section 7 gives an explicit formula of l
(N)
Hp
, ∀ p = 1, . . . , N .
Finally, we similarly define the Lebesgue constant of the sequence (Hj)j≥1 (with
respect to a compact set K ⊃ (Hj)j≥1):
ΛN
(
K, (Hj)j≥1
)
= sup
(z,w)∈K
[
N∑
p=1
∣∣∣l(N)Hp (z, w)∣∣∣
]
.(1.21)
We then have the following result that gives an estimate of the Lebesgue constant
for the bidisk and the product of compacts whose boundary is an Alper-smooth
Jordan curve.
Theorem 3. Let (ηj)j≥0 and (θi)i≥0 be Leja sequences for the unit disk (with
|η0| = |θ0| = 1), and let us consider the intertwining sequence (Hj)j≥1 defined as
in (1.14). One has the following estimate:
ΛN
(
D
2
, (Hj)j≥1
)
= O
(
N3/2
)
.(1.22)
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If K1 (resp., K2) is a compact set whose boundary is an Alper-smooth Jordan
curve, Φ1 (resp., Φ2) its associated conformal mapping, let us consider the se-
quence (Φ (Hj))j≥1 defined by the intertwining of the sequences (Φ1 (ηj))j≥0 and
(Φ2 (θi))i≥0. Then
ΛN
(
K1 ×K2, (Φ (Hj))j≥1
)
= O
(
N2A/ ln(2)+3/2
)
,(1.23)
where A is a positive constant depending only on K1 ×K2.
The essential part for the proof of this theorem is the following result that, as
Theorem 1, gives a uniform estimate for the bidimensional fundamental Lagrange
polynomials (FLIPs) associated with some intertwining sequences. It is in addition
an application of Proposition 3 whose proof is handled in Section 7, and that gives
an explicit formula of the FLIPs constructed from the intertwining sequence of any
sequences of pairwise distinct elements.
Proposition 1. Let (ηj)j≥0 and (θi)i≥0 be Leja sequences for the unit disk (with
|η0| = |θ0| = 1), and let us consider the intertwining sequence (Hj)j≥1 defined as
in (1.14). For all N ≥ 1 and all p, q ≥ 0 such that (ηp, θq) ∈ ΩN , one has the
following estimate:
sup
(z,w)∈D
2
∣∣∣l(N)(ηp,θq)(z, w)∣∣∣ ≤ 2 (n− p− q + 1)π2 exp(6π) = O (N1/2) .
If K1 (resp., K2) is a compact set whose boundary is an Alper-smooth Jordan
curve, Φ1 (resp., Φ2) its associated conformal mapping, and (Φ (Hj))j≥1 the inter-
twining sequence of (Φ1 (ηj))j≥0 and (Φ2 (θi))i≥0, one has for all N ≥ 1 and all
p, q ≥ 0 such that (ηp, θq) ∈ ΩN ,
sup
(z,w)∈K1×K2
∣∣∣l(N)(Φ1(ηp),Φ2(θq))(z, w)∣∣∣ ≤ M(n+ 2)4A/ ln(2) (n− p− q + 1)
= O
(
N2A/ ln(2)+1/2
)
,
where M and A are positive constants depending only on K1 ×K2.
Although there are results which give polynomial estimates for Cd in [9], The-
orem 3 yields here precise exponents for N . In particular, it gives examples of
sequences that satisfy limn→+∞
[
ΛNn
(
K, (Hj)j≥1
)]1/n
= 1, where Nn = (n +
1)(n+ 2)/2 and K is any of the compact sets mentioned in Theorem 3.
In addition, there is an improvement of some results from [9] for d = 2: indeed,
on the one hand it is proved in [9, p. 621] that
ΛNn
(
D
2
, (Hj)j≥1
)
= O
(
n(2
2+7×2−6)/2(lnn)2
)
= O
(
n6(lnn)2
)
;
on the other hand, an application of (1.22) with N = Nn = O
(
n2
)
(by (1.15)),
gives that
ΛNn
(
D
2
, (Hj)j≥1
)
= O
(
N3/2n
)
= O
(
n3
)
.
Next, the compact set K = D
2
(resp., K = K1 × K2, where K1 and K2 are
compact sets whose boundary is an Alper-smooth Jordan curve) satisfies the fol-
lowing properties: first, it is nonpluripolar (for having nonempty interior); next,
it is polynomially convex (as the product of 1-connected one-dimensional compact
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sets). Lastly, it is L-regular (see [14, Chapter 5] for the definition): indeed, C \K1
(resp., C \ K2) being a domain whose boundary is a Jordan curve, it admits a
continuous Green function (by Caratheodory’s theorem), hence K1 (resp., K2) is
L-regular (as well as D). Finally, we can deduce by [21, Corollary 2] that D
2
and
K1 ×K2 are L-regular as products of L-regular compact sets.
These properties and an application of Theorem 4.1 from [6], lead to the following
consequences:
• limn→+∞ |V DM (H1, H2, . . . , HNn)|1/ln = D(K), where
ln =
∑n
j=1 j (Nj −Nj−1) andD(K) is the transfinite diameter ofK (see [22]
for its general definition and existence);
• by [3], the empirical measures satisfy limn→+∞ 1
Nn
∑Nn
j=1 δHj = cµK
weak-*, where δHj is the unit Dirac measure on Hj , c is some universal
constant and µK is the equilibrium measure of K (for the definition and
existence of µK , see [18, Chapter 1] for K ⊂ C, and [14, Chapter 5] for
K ⊂ Cd);
• the Lagrange polynomial L(Nn)[f ] converges to f as n → +∞, uniformly
on K and for each f holomorphic on a neighborhood of K.
Another consequence of the above theorem is an application to an approximation
property of Lagrange polynomial interpolation. Theorem 7.2 from [17] provides a
generalized version of Jackson’s Theorem (see [13]). Given m ∈ N and γ with
0 < γ ≤ 1, we consider the space Lipmγ
(
D
2
)
of the functions f ∈ O (D2)⋂C (D2)
which satisfy for all |α| = α1 + α2 ≤ m,(
∂αf
∂zα
)(
eihζ
)− (∂αf
∂zα
)
(ζ) = O (|h|γ) ,
for all ζ ∈ T2 (the unit torus in C2) and h ∈ R. We then have the following result.
Corollary 3. Let be m ≥ 3 and 0 < γ ≤ 1. Let us consider the intertwining
sequence (Hj)j≥1 of two any Leja sequences for the unit disk as in Theorem 3.
Then for all f ∈ Lipmγ
(
D
2
)
,
sup
(z,w)∈D
2
∣∣∣f(z, w)− L(N)[f ](z, w)∣∣∣ = O (1/N (m+γ−3)/2) ,
where L(N)[f ] is the multivariate Lagrange polynomial of f defined in (1.20).
As in the one-dimensional case (1.3), we will consider the generalized definition
of a Leja sequence in C2. By analogy, given a compact setK, we can chooseH1 ∈ K
(or H1 ∈ ∂K) and, if we have constructed H1, . . . , HN , we choose for HN+1 any
point (not necessarily unique) that satisfies
|V DM (H1, H2, . . . , HN , HN+1)| = sup
(z,w)∈K
|V DM (H1, H2, . . . , HN , (z, w))| .
As for the Fekete points, it is hard to construct examples of explicit bidimen-
sional Leja sequences (even in one dimension, except for special compact sets).
Here we present a way to construct explicit bidimensional Leja sequences for the
product of compact sets (provided we already know their partial one-dimensional
Leja sequences).
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Theorem 4. Let K1 ⊂ C (resp., K2 ⊂ C) be any compact set and (ηj)j≥0 ⊂ K1
(resp., (θi)i≥0 ⊂ K2) any Leja sequence. Then the intertwining sequence of (ηj)j≥0
and (θi)i≥0 is a Leja sequence for the compact set K1 ×K2.
As an immediate application, we can present some explicit bidimensional Leja
sequences for the unit bidisk.
Corollary 4. Let (ηj)j≥0 and (θi)i≥0 be defined as in (1.4). Then their intertwining
sequence is a Leja sequence for the unit bidisk D
2
.
In particular, this result gives a partial answer for question (6) in [7].
Theorem 4 is an application of Lemma 28 and another consequence is the formula
of Schiffer and Siciak for the two-variable Vandermonde determinant (see [20], or
formula (4.8.2) from [6]).
Corollary 5. For all n ≥ 0,
V DM ((η0, θ0) , . . . , (ηn, θ0) , . . . , (η0, θn)) =
n∏
j=1
[V DM (η0, . . . , ηj)× V DM (θ0, . . . , θj)] .
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2. A couple of reminders and preliminar results
2.1. Reminders. First, we recall some propertis and applications of the roots of
the unity: for any m ≥ 1, let
Ωm =
{
exp
(
2iuπ
m
)
, u = 0, . . . ,m− 1
}
(2.1)
be the set of the m-th roots of the unity. Then one has the following result.
Lemma 1. For all m ≥ 1, zk ∈ Ωm and z ∈ D with z 6= zk, one has∏
zj∈Ωm,zj 6=zk
(z − zj) = z
m − 1
z − zk =
m−1∑
j=0
zm−j−1k z
j .(2.2)
It follows that ∏
zj∈Ωm,zj 6=zk
|zk − zj | = m(2.3)
and for all z 6= zk,∣∣∣l(m)k (z)∣∣∣ = ∏
zj∈Ωm,zj 6=zk
|z − zj |
|zk − zj| =
1
m
|zm − 1|
|z − zk| =
1
m
∣∣∣∣∣∣
m−1∑
j=0
zm−j−1k z
j
∣∣∣∣∣∣ .(2.4)
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In addition,
sup
z∈D
∣∣∣l(m)k (z)∣∣∣ = ∣∣∣l(m)k (zk)∣∣∣ = 1 .(2.5)
Proof. First, since Ωm is the set of the m-th roots of the unity, one has∏
zj∈Ωm,zj 6=zk
(z − zj) =
∏
zj∈Ωm
(z − zj)
z − zk =
zm − 1
z − zk .
On the other hand (as zk ∈ Ωm),
zm − 1
z − zk =
zm − zmk
z − zk =
m−1∑
j=0
zm−j−1k z
j ,
and this proves (2.2).
Next, (2.3) follows since∏
zj∈Ωm,zj 6=zk
(zk − zj) = lim
z→zk,z 6=zk
∏
zj∈Ωm,zj 6=zk
(z − zj) = lim
z→zk,z 6=zk
zm − 1
z − zk
=
d
dz
(zm)|z=zk = mz
m−1
k .
Finally, (2.2) and (2.3) yield (2.4) for all z 6= zk since∣∣∣l(m)k (z)∣∣∣ =
∏
zj∈Ωm,zj 6=zk
|z − zj|∏
zj∈Ωm,zj 6=zk
|zk − zj | =
1
m
∏
zj∈Ωm,zj 6=zk
|z − zj | .
In particular, for all z ∈ D,∣∣∣l(m)k (z)∣∣∣ = 1m
∣∣∣∣∣∣
m−1∑
j=0
zm−j−1k z
j
∣∣∣∣∣∣ ≤ 1m
m−1∑
j=0
|zk|m−j−1 |z|j ≤ 1 .
On the other hand, ∣∣∣l(m)k (zk)∣∣∣ = ∏
zj∈Ωm,zj 6=zk
∣∣∣∣zk − zjzk − zj
∣∣∣∣ = 1
and the last assertion of the lemma follows. √
In all the following, we will assume that any considered Leja sequence L =
(z1, z2, . . .) starts at 1, i.e.
z1 = 1 .(2.6)
Next, for any integer N ≥ 1, LN will mean the N -section of L, i.e. the first N
indexed points
LN := (z1, z2, . . . , zN−1, zN ) .(2.7)
We will also consider its binary decomposition
N = 2p1 + 2p2 + · · ·+ 2pn ,(2.8)
where
n ≥ 1 and p1 > p2 > · · · > pn ≥ 0(2.9)
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(n is the number of ”ones” in this decomposition).
2.2. Preliminar results. In this subsection, we will give some preliminar results
that will be useful in order to prove Theorem 1. We begin with the following lemma
that is a rewriting of the FLIPs by using the binary decomposition of N .
Lemma 2. Let remind the binary decomposition (2.8),
N = 2p1 + 2p2 + · · ·+ 2pn ,(2.10)
where n ≥ 2 and p1 > p2 > · · · > pn ≥ 0. Then for all k = 1, . . . , 2p1 and z ∈ C
with z 6= zk, ∣∣∣l(N)k (z)∣∣∣ = 12p1
∣∣z2p1 − 1∣∣
|z − zk| ×
n∏
q=2
∣∣z2pq − α2pqq ∣∣∣∣z2pqk − α2pqq ∣∣ ,(2.11)
where for all q = 2, . . . , n,
αq = ρ1ρ2 · · · ρq−1(2.12)
and for j = 1, 2, . . . , n, ρj is a 2
pj -th root of −1.
One also has for all k = 1, . . . , 2p1 and z ∈ C,∣∣∣l(N)k (z)∣∣∣ = 12p1
∣∣∣∣∣∣
2p1−1∑
j=0
z2
p1−j−1
k z
j
∣∣∣∣∣∣×
n∏
q=2
∣∣z2pq − α2pqq ∣∣∣∣z2pqk − α2pqq ∣∣ .(2.13)
Proof. First, we know (see Theorem 5 from [4] or Theorem 1 from [9]) that
LN =
(
Ω2p1 , ρ1L˜N−2p1
)
,(2.14)
where Ω2p1 is the set of the 2
p1-th roots of the unity, ρ1 is a 2
p1-th root of −1 and
L˜N−2p1 is (maybe another) (N − 2p1)-Leja section for the disk (that also starts at
1). Now N − 2p1 = 2p2 + · · ·+ 2pn then we can follow the process with
L˜N−2p1 =
(
Ω2p2 , ρ2
˜˜LN−2p1−2p2)
and so on. We also know by Theorem 5 from [4] that any 2pn -Leja section (that
starts at 1) will consist of the 2pn-th roots of the unity, Ω2pn (where the equality is
meant as sets). This finally gives
LN = (Ω2p1 , ρ1Ω2p2 , ρ1ρ2Ω2p3 , . . . , ρ1 · · · ρn−1Ω2pn )
= (Ω2p1 , α2Ω2p2 , α3Ω2p3 , . . . , αnΩ2pn ) .
In particular, zk ∈ Ω2p1 for all 1 ≤ k ≤ 2p1 , then
l
(N)
k (z) =
 ∏
zj∈Ω2p1 ,zj 6=zk
z − zj
zk − zj
× n∏
q=2
 ∏
zj∈αqΩ2pq
z − zj
zk − zj
 .
On the one hand, one has by (2.4) from Lemma 1 that∣∣∣∣∣∣
∏
zj∈Ω2p1 ,zj 6=zk
z − zj
zk − zj
∣∣∣∣∣∣ = 12p1
∣∣∣∣z2p1 − 1z − zk
∣∣∣∣ = 12p1
∣∣∣∣∣∣
2p1−1∑
j=0
z2
p1−j−1
k z
j
∣∣∣∣∣∣ .
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On the other hand, for all q = 2, . . . , n,∣∣∣∣∣∣
∏
zj∈αqΩ2pq
z − zj
zk − zj
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∏
zj∈Ω2pq
z − αqzj
zk − αqzj
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∏
zj∈Ω2pq
z/αq − zj
zk/αq − zj
∣∣∣∣∣∣
=
∣∣∣∣ (z/αq)2pq − 1(zk/αq)2pq − 1
∣∣∣∣ =
∣∣z2pq − α2pqq ∣∣∣∣z2pqk − α2pqq ∣∣
(since |αq| = 1 for all q = 2, . . . , n), and the lemma is proved. √
As a consequence, we get the following result that will be useful in the next
section.
Lemma 3. Under the same hypothesis for N as in Lemma 2, one has for all
k = 1, . . . , 2p1 and z ∈ C with z 6= zk,∣∣∣l(N)k (z)∣∣∣ = 12p1
∣∣z2p1 − 1∣∣
|z − zk| ×
n∏
q=2
∣∣z2pq + ω2pq0 ∣∣∣∣z2pqk + ω2pq0 ∣∣ ,(2.15)
where ω0 is a 2
p1-th root of −1. In fact,
ω0 = αn+1 = ρ1ρ2 · · · ρn−1ρn .(2.16)
Similarly, one also has for all k = 1, . . . , 2p1 and z ∈ C (with the same ω0),∣∣∣l(N)k (z)∣∣∣ = 12p1
∣∣∣∣∣∣
2p1−1∑
j=0
z2
p1−j−1
k z
j
∣∣∣∣∣∣×
n∏
q=2
∣∣z2pq + ω2pq0 ∣∣∣∣z2pqk + ω2pq0 ∣∣ .(2.17)
Proof. It suffices to show that, for all q = 1, . . . , n, one has ω2
pq
0 = −α2
pq
q . This is
immediate from (2.12) since
ω2
pq
0 = (ρ1 · · · ρq−1)2
pq × ρ2pqq × (ρq+1 · · · ρn)2
pq
= α2
pq
q × exp (iπ)× exp
[
iπ
(
2pq−pq+1 + · · ·+ 2pq−pn)]
and 0 < pq − pq+1 < · · · < pq − pn. Similarly,
ω2
p1
0 = ρ
2p1
1 × (ρ2 · · · ρn)2
p1
= −1 .
√
Remark 2.1. ω0 is any of 2
pn possible choices for the (N + 1)-th Leja point zN+1.
Indeed,
N∏
j=1
|z − zj | =
n∏
q=1
∣∣∣z2pq + ω2pq0 ∣∣∣ ≤ 2n
for all |z| ≤ 1. In addition, this bound is reached if and only if for all q = 1, . . . , n,∣∣z2pq + ω2pq0 ∣∣ = ∣∣∣(z/ω0)2pq + 1∣∣∣ = 2, then if and only if(
z
ω0
)2pn
= 1 , i.e. zN+1 ∈ ω0Ω2pn .
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On the other hand, notice that the data of Ω2p1 and ω0 (any fixed 2
p1-th root of
−1), give a N -Leja section (that starts at z1 = 1). Indeed, set
ρq = exp
(
iπ
2pq
)
for all q = 2, . . . , n , and ρ1 :=
ω0
ρ2 · · · ρn .
Then ρq is a 2
pq -th root of −1 for all q = 2, . . . , n, and ρ1 is a 2p1-th root of −1
since ω0 is and ρq ∈ Ω2p1 for all q = 2, . . . , n (recall from the hypothesis of Lemma 2
that n ≥ 2 and p1 > p2 > · · · > pn ≥ 0). Then the N -sequence defined by
LN := (Ω2p1 , ρ1Ω2p2 , ρ1ρ2Ω2p3 , · · · , ρ1 · · · ρn−1Ω2pn ) ,(2.18)
is the N -section of a Leja sequence (that starts at 1), and for all k = 1, . . . , 2p1 , the
function defined by (2.15) or (2.17) is the FLIP (at least in modulus) associated
with the k-th point from Ω2p1 ⊂ LN .
Now we give the proof of the two following preliminary (and classical) lemmas.
Lemma 4. For all x ∈
[
0 ,
π
2
]
, one has the following estimates:
2
π
x ≤ sin(x) ≤ x .(2.19)
One also has for all x ∈ R,
| sin(x)| ≤ |x| .(2.20)
Proof. The first estimate of (2.19) follows from the concavity of the function sin(x)
on
[
0 ,
π
2
]
(by writing x =
(
1− 2
π
x
)
× 0 +
(
2
π
x
)
× π
2
). The second one can be
deduced by considering the variations on
[
0 ,
π
2
]
of the function x 7→ x− sin(x).
In particular, the estimate (2.19) yields (2.20) for all x ∈
[
0,
π
2
]
. If x ≥ π
2
, then
| sin(x)| ≤ 1 ≤ π
2
≤ x
and this proves (2.20) for all x ≥ 0. Finally, if x ≤ 0, then applying the above
estimate to −x ≥ 0 leads to
| sin(x)| = | − sin(x)| = | sin(−x)| ≤ | − x| = |x| .
√
The following one can be proved by considering the variations of the function
x ∈ R 7→ exp(x) − x− 1.
Lemma 5. For all x ∈ R, one has
exp(x) ≥ 1 + x .
Next, we give and prove the following trigonometric formula.
Lemma 6. For all m ≥ 0 and α /∈ πZ, one has
m∏
j=1
cos
( α
2j
)
=
sin(α)
2m sin (α/2m)
.(2.21)
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Proof. First, we claim that, for all m ≥ 0, α/2m /∈ πZ.
Indeed, this assertion can be proved by induction on m ≥ 0. For m = 0,
α/2m = α /∈ πZ. Now if for m ≥ 1 being given, one has that α/2m ∈ πZ, then
one also has that α/2m−1 = 2 × α/2m ∈ πZ. This is impossible by induction
hypothesis.
In particular, this implies that sin(α/2m) 6= 0 for all m ≥ 0, then the expressions
which appear in (2.21) make sense. The formula (2.21) will be proved by induction
on m ≥ 0. For m = 0, one has that
0∏
j=1
cos
( α
2j
)
=
∏
j∈∅
cos
( α
2j
)
= 1 =
sin(α)
20 sin (α/20)
.
If it is true for m ≥ 0, then let us consider m + 1. First, cos (α/2m+1) 6= 0,
otherwise α/2m+1 ∈ π
2
+ πZ then α/2m = 2 × α/2m+1 ∈ πZ. This is impossible
by the above claim. Next, we get by induction hypothesis
m+1∏
j=1
cos
( α
2j
)
=
m∏
j=1
cos
( α
2j
)
× cos
( α
2m+1
)
=
sin(α)
2m sin (α/2m)
× cos
( α
2m+1
)
=
sin(α)
2m × 2 sin (α/2m+1) cos (α/2m+1) × cos
( α
2m+1
)
=
sin(α)
2m+1 sin (α/2m+1)
,
and this proves the induction. √
In the next section, we will not need the binary decomposition of l, else the
alternating binary one as specified by the following result.
Lemma 7. For all integer l ≥ 1, one can write
l =
2L∑
i=1
(−1)i−12si , where L ≥ 1 and s1 > s2 > · · · > s2L ≥ 0 .(2.22)
Proof. First, l being a nonzero integer can be written with a binary decomposition,
i.e.
l =
K∑
j=1
2ri ,
where K ≥ 1 and r1 > r2 > · · · > rK ≥ 0.
Next, the formula (2.22) will be proved by induction on K ≥ 1. In addition, we
will prove that
s1 = r1 + 1 .(2.23)
If K = 1, then
l = 2r1 = 2r1+1 − 2r1 ,
and the assertion is true by setting L = 2, s1 = r1 + 1 and s2 = r1 (and we have
s1 > s2 ≥ 0).
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Now let be K ≥ 2. If ri = r1 − i+ 1 for all i = 1, . . . ,K (this happens when l is
a chain of consecutive ”ones” in its binary decomposition), then
l =
K∑
i=1
2r1−i+1 = 2r1−K+1
K∑
i=1
2K−i = 2r1−K+1
K−1∑
i=0
2i
= 2r1−K+1
2K − 1
2− 1 = 2
r1+1 − 2r1−K+1 = 2r1+1 − 2rK ,
and the assertion is true by setting L = 2, s1 = r1 + 1 and s2 = rK (and we have
s1 > s2 ≥ 0).
Otherwise, there is at least one interior ”zero” in the binary decomposition of l.
Let v ≥ 1 be such that,{
ri = r1 − i+ 1 , for all i = 1, . . . , v ;
rv+1 ≤ rv − 2
(2.24)
(counting the consecutive ”ones” from r1 in the first chain from the binary decom-
position of l, rv is the rank of the last ”one”). Then
v∑
i=1
2ri =
v∑
i=1
2r1−i+1 = 2r1−v+1
v∑
i=1
2v−i = 2r1−v+1
v−1∑
i=0
2i
= 2r1−v+1
2v − 1
2− 1 = 2
r1+1 − 2r1−v+1 .
On the other hand, let us consider the (nonzero) integer
K′∑
i=1
2r
′
i :=
K∑
i=v+1
2ri ,
where K ′ := K−v, r′i := rv+i for all i = 1, . . . ,K ′. One still has that K ′ ≥ 1 (since
v + 1 ≤ K) and r′1 > r′2 > · · · > r′K′ = rK ≥ 0. Since K ′ = K − v ≤ K − 1, the
induction hypothesis can be applied to
K′∑
i=1
2r
′
i =
2L′∑
i=1
(−1)i−12s′i ,
with L′ ≥ 1 and s′1 > s′2 > · · · > s′2L′ ≥ 0. It follows that
l =
v∑
i=1
2ri +
K∑
i=v+1
2ri = 2r1+1 − 2r1−v+1 +
K′∑
i=1
2r
′
i
= 2r1+1 − 2r1−v+1 +
2L′∑
i=1
(−1)i−12s′i =
2L∑
i=1
(−1)i−12si ,
where we have set L := L′ + 1, s1 := r1 + 1, s2 := r1 − v + 1 and si := s′i−2 for
all i = 3, . . . , 2L = 2L′ + 2. In particular, one still has that s1 > s2 and by (2.24),
s2 = r1 − v + 1 = rv > rv+1 + 1 = r′1 + 1 = s′1 = s3 (since by the induction
hypothesis applied to (2.23), one has s′1 = r
′
1 + 1). The induction hypothesis
applied to s′1 > s
′
2 > · · · > s′2L′ = s′2L−2 ≥ 0, yields s3 > s4 > · · · > s2L ≥ 0, and
the proof is finished. √
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Remark 2.2. In the above formula, L is the number of chains of consecutive ”ones”
in the binary decomposition of l.
Since we will deal with alternating sums in the next section, the following result
will be useful.
Lemma 8. Let us consider
M∑
i=1
(−1)iai (resp.,
M∑
i=1
(−1)i−1ai ) ,
where ai > 0 is decreasing. Then for all J = 1, . . . ,M ,∣∣∣∣∣
M∑
i=J
(−1)iai
∣∣∣∣∣ =
M∑
i=J
(−1)i−Jai ≤ aJ .(2.25)
Proof. The proof is by descending induction on J = M, . . . , 1. The assertion is
obvious for J = M . If 1 ≤ J ≤M − 1, then the induction hypothesis yields
M∑
i=J
(−1)i−Jai = aJ −
M∑
i=J+1
(−1)i−J−1ai ≥ aJ −
∣∣∣∣∣
M∑
i=J+1
(−1)i−J−1ai
∣∣∣∣∣
≥ aJ − aJ+1 ≥ 0 ,
since ai is decreasing. In particular,
∑M
i=J (−1)i−Jai ≥ 0 then∣∣∣∣∣
M∑
i=J
(−1)iai
∣∣∣∣∣ =
∣∣∣∣∣
M∑
i=J
(−1)i−Jai
∣∣∣∣∣ =
M∑
i=J
(−1)i−Jai .
On the other hand,
M∑
i=J
(−1)i−Jai = aJ −
M∑
i=J+1
(−1)i−J−1ai ≤ aJ ,
since by the induction hypothesis,
∑M
i=J+1(−1)i−J−1ai =
∣∣∣∑Mi=J+1(−1)i−J−1ai∣∣∣ ≥
0. The proof is finished. √
3. Proof of Theorem 1 in a special but essential case
In this part, we will deal with the FLIP l
(N)
1 (the one that is associated with
z1 = 1), i.e. by recalling (2.15) and (2.17) from Lemma 3,∣∣∣l(N)1 (z)∣∣∣ = 12p1
∣∣z2p1 − 1∣∣
|z − 1| ×
n∏
q=2
∣∣z2pq + ω2pq0 ∣∣∣∣1 + ω2pq0 ∣∣ (for all z 6= 1) ,(3.1)
=
1
2p1
∣∣∣∣∣∣
2p1−1∑
j=0
zj
∣∣∣∣∣∣×
n∏
q=2
∣∣z2pq + ω2pq0 ∣∣∣∣1 + ω2pq0 ∣∣ (for all z ∈ C) ,(3.2)
with the following hypothesis:
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• N ≥ 1 and N is not a pure power of 2, i.e. there is p1 ≥ 1 such that
2p1 < N < 2p1+1. We can then remind the binary decomposition of N
given by (2.8) with (2.9):
N = 2p1 + · · ·+ 2pn with p1 > p2 > · · · > pn ≥ 0 and n ≥ 2 ;(3.3)
• as it was defined in Lemma 3, ω0 is a 2p1-th root of −1, then it can be
written as exp ((2l+ 1)iπ/2p1) with 0 ≤ l ≤ 2p1−1. In this section, we will
not consider the special case of ω0 = exp (iπ/2
p1), i.e.
ω0 = exp
(
2l+ 1
2p1
iπ
)
with 1 ≤ l ≤ 2p1 − 1 ;(3.4)
• we will deal with |z| = 1. It can be written as exp (iθ) where θ ∈]− π, π],
but the following writing will be more useful in this section:
z = exp (iπθ) with θ ∈ ]− 1, 1] .(3.5)
The goal of this section is to prove Theorem 1 for the FLIP l
(N)
1 under these
above restrictions, i.e. that for all |z| = 1 and all l = 1, . . . , 2p1 − 1,∣∣∣l(N)1 (z)∣∣∣ ≤ π exp (3π) .(3.6)
We begin with noticing that since |θ| ≤ 1, then one has that:
(1) or |θ| ≤ 1/2p1, then this case will be handled in Subsection 3.2;
(2) or else 1/2p1 < |θ| ≤ 1/2pn. Since by (3.3) one has 0 < 1/2p1 < · · · <
1/2pn ≤ 1, it follows that
1/2pqθ−1 < |θ| ≤ 1/2pqθ with qθ = 2, . . . , n .(3.7)
We will deal with this case in Subsection 3.3;
(3) otherwise 1/2pn < |θ| ≤ 1, then this case will be handled in Subsection 3.4.
3.1. Some preliminary results. Before dealing with the different cases, we need
a couple of preliminary results which will be useful in this section. We begin with
the first one.
Lemma 9. For all q = 2, . . . , n, for all l = 1, . . . , 2p1 − 1, and all |θ| ≤ 1, one has∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≤ 1 +
2pqπ|θ|
2
∣∣∣∣tan( 2l+ 12p1−pq+1π
)∣∣∣∣ .
Proof. Indeed, one has that∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1 π
)∣∣∣∣ ≤
A BOUND FOR LAGRANGE POLYNOMIALS OF LEJA POINTS AND APPLICATIONS 17
≤
∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ∣∣∣∣cos(2pqπθ2
)∣∣∣∣+ ∣∣∣∣sin( 2l+ 12p1−pq+1π
)∣∣∣∣ ∣∣∣∣sin(2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1π
)∣∣∣∣
=
∣∣∣∣cos(2pqπθ2
)∣∣∣∣+ ∣∣∣∣tan( 2l+ 12p1−pq+1π
)∣∣∣∣ ∣∣∣∣sin(2pqπθ2
)∣∣∣∣
≤ 1 + 2
pqπ|θ|
2
∣∣∣∣tan( 2l+ 12p1−pq+1π
)∣∣∣∣ ,
the last estimate coming by (2.20) from Lemma 4. √
Next, we give the following result that uses the alternating binary decomposition
of l that is guaranteed by Lemma 7 (since we have assumed that l ≥ 1).
Lemma 10. Let l ≥ 1 be defined by (3.4) and let us consider its alternating binary
decomposition
l =
2L∑
i=1
(−1)i−12si ,(3.8)
where L ≥ 1 and
s1 > s2 > · · · > s2L ≥ 0 .(3.9)
Then s1 ≤ p1. In addition, if we set
s2L+1 := −1(3.10)
and
s0 := p1 + 1 ,(3.11)
then one still has that
s0 > s1 > · · · > s2L > s2l+1 ,
and for all q = 2, . . . , n, or
pq ∈ T :=
2L⋃
j=0
{p1 − sj ≤ i ≤ p1 − sj+1 − 2}(3.12)
(with the convention that the subsets for which sj+1 = sj − 1 are empty), or else
pq ∈ S := {p1 − sj − 1 , j = 1, . . . , 2L} .(3.13)
Proof. First, the decomposition (3.8) yields
l =
2L∑
i=1
(−1)i−12si ≥ 2s1 −
∣∣∣∣∣
2L∑
i=2
(−1)i−12si
∣∣∣∣∣ ≥ 2s1 − 2s2 ,
the last estimate being justified by Lemma 8 (because sj is decreasing). Since
s2 ≤ s1 − 1 by (3.9), it follows by (3.4) that
2p1 − 1 ≥ l ≥ 2s1 − 2s1−1 = 2s1−1 .
If we had that s1 ≥ p1 + 1, this would yield
2p1 − 1 ≥ 2(p1+1)−1 = 2p1
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and this is impossible. Then s1 ≤ p1.
Now let fix q = 2, . . . , n. We know by (3.3) and (3.10) that
pq ≤ p2 ≤ p1 − 1 = p1 − s2L+1 − 2 .
Similarly, we have by (3.3) and (3.11) that
pq ≥ pn ≥ 0 > p1 − s0 .
It follows that p1 − s0 ≤ pq ≤ p1 − s2L+1 − 2, i.e. pq ∈ T ∪ S and the lemma is
proved (since T and S are incompatible). √
Now that we have defined the sets T and S, we will give auxiliary results which
deal with these sets. We begin with T .
Lemma 11. Let be q = 2, . . . , n, and l = 1, . . . , 2p1 − 1. If pq ∈ T then for all
|θ| ≤ 1, one has ∣∣∣∣cos( 2l + 12p1−pq+1 π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1 π
)∣∣∣∣ ≤ 1 +
2pqπ|θ|
2
.
Proof. First, since pq ∈ T , by (3.12) there is jq with 0 ≤ jq ≤ 2L such that
p1 − sjq ≤ pq ≤ p1 − sjq+1 − 2 ,(3.14)
then (by (3.8) and the convention (3.10) )
2l+ 1
2p1−pq+1
π =
π
2p1−pq
(l + 2s2L+1) =
π
2p1−pq
2L+1∑
i=1
(−1)i−12si
= π
jq∑
i=1
(−1)i−12si−p1+pq + π
2L+1∑
i=jq+1
(−1)i−1
2p1−pq−si
In the first sum, one has si − p1 + pq ≥ sjq − p1 + pq ≥ 0 by (3.9) and (3.14) for all
i = 1, . . . , jq, then
bq :=
jq∑
i=1
(−1)i−12si−p1+pq ∈ Z(3.15)
(notice that the sum
∑jq
i=1(−1)i−12si−p1+pq may be empty if jq = 0; even in this
case, the above assertion holds true since bq =
∑
i∈∅(−1)i−12si−p1+pq = 0 ∈ Z). In
the second sum (that cannot be empty since jq + 1 ≤ 2L+ 1), one has
π
2L+1∑
i=jq+1
(−1)i−1
2p1−pq−si
=
(−1)jqπ
2p1−pq−sjq+1
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
.
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It follows that∣∣∣∣tan( 2l+ 12p1−pq+1π
)∣∣∣∣ =
∣∣∣∣∣∣tan
bqπ + (−1)jqπ
2p1−pq−sjq+1
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
∣∣∣∣∣∣
=
∣∣∣∣∣∣tan
 π
2p1−pq−sjq+1
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
∣∣∣∣∣∣ .(3.16)
Next, we claim that
0 <
π
2p1−pq−sjq+1
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
≤ π
4
.(3.17)
Indeed, one has on the one hand that p1 − pq − sjq+1 ≥ 2 by (3.14), then
0 <
π
2p1−pq−sjq+1
≤ π
4
.(3.18)
On the other hand, one has by Lemma 8 that
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
≤
∣∣∣∣∣∣
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
∣∣∣∣∣∣ ≤ 12sjq+1−sjq+1 = 1 ,
and
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
= 1−
2L+1∑
i=jq+2
(−1)i−jq
2sjq+1−si
≥ 1−
∣∣∣∣∣∣
2L+1∑
i=jq+2
(−1)i−jq
2sjq+1−si
∣∣∣∣∣∣
≥ 1− 1
2sjq+1−sjq+2
≥ 1− 1
2
=
1
2
,
the last estimate coming from (3.9) (notice that the sum
∑2L+1
i=jq+2
(−1)i−jq/2sjq+1−si
may be empty if jq = 2L; even in this case, one still has that∑2L+1
i=jq+1
(−1)i−jq−1/2sjq+1−si = 1− 0 ≥ 1/2). Hence
1
2
≤
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
≤ 1 .(3.19)
The claim follows by (3.18) and (3.19).
In particular,
π
2p1−pq−sjq+1
∑2L+1
i=jq+1
(−1)i−jq−1/2sjq+1−si ∈
]
0,
π
2
[
where the
function tan is positive and increasing. It follows by (3.16) that∣∣∣∣tan( 2l + 12p1−pq+1 π
)∣∣∣∣ =
∣∣∣∣∣∣tan
 π
2p1−pq−sjq+1
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
∣∣∣∣∣∣
= tan
 π
2p1−pq−sjq+1
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
 ≤ tan(π
4
)
= 1 ,
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the estimate coming by applying (3.17) again. It follows by Lemma 9 that∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1 π
)∣∣∣∣ ≤ 1 +
2pqπ|θ|
2
∣∣∣∣tan( 2l + 12p1−pq+1π
)∣∣∣∣
≤ 1 + 2
pqπ|θ|
2
,
and this proves the lemma. √
Next, we deal with the set S.
Lemma 12. Let be q = 2, . . . , n, and l = 1, . . . , 2p1 − 1. Assume that pq ∈ S, i.e.
by (3.13) from Lemma 10 there is jq with 1 ≤ jq ≤ 2L such that
pq = p1 − sjq − 1 .(3.20)
Then for all |θ| ≤ 1,∣∣∣∣cos( 2l + 12p1−pq+1 π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1 π
)∣∣∣∣ ≤ 1 +
2p1 |θ|π
21+sjq+1
(sjq+1 makes sense since 2 ≤ jq + 1 ≤ 2L+ 1).
Proof. First, q and the associated jq being fixed, one has by (3.8) and the conven-
tion (3.10) from Lemma 10 that
2l+ 1
2p1−pq+1
π =
π
2p1−pq
2L+1∑
i=1
(−1)i−12si
= π
jq−1∑
i=1
(−1)i−12si−p1+pq + (−1)
jq−1π
2p1−pq−sjq
+ π
2L+1∑
i=jq+1
(−1)i−1
2p1−pq−si
.
As before, if the first sum is not empty (otherwise it gives 0 ∈ πZ), one has by (3.9)
and (3.20) for all i = 1, . . . , jq − 1, that
si − p1 + pq ≥ sjq−1 − p1 + pq ≥ sjq + 1− p1 + pq = −1 + 1 = 0 ,
then
b˜q :=
jq−1∑
i=1
(−1)i−12si−p1+pq ∈ Z .
Similarly, for all i = jq + 1, . . . , 2L+ 1,
π
2L+1∑
i=jq+1
(−1)i−1
2p1−pq−si
=
(−1)jqπ
2p1−pq−sjq+1
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
.
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Since by (3.20) again, p1 − pq − sjq = 1, it follows that
∣∣∣∣tan( 2l + 12p1−pq+1π
)∣∣∣∣ =
∣∣∣∣∣∣tan
b˜qπ + (−1)jq−1π
2
+
(−1)jqπ
2p1−pq−sjq+1
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
∣∣∣∣∣∣
=
∣∣∣∣∣∣cot
 π
2p1−pq−sjq+1
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
∣∣∣∣∣∣
≤ 1∣∣∣sin( π
2p1−pq−sjq+1
∑2L+1
i=jq+1
(−1)i−jq−1/2sjq+1−si
)∣∣∣ .(3.21)
Next, as in the proof of Lemma 11, we claim that
π/2
2p1−pq−sjq+1
≤ π
2p1−pq−sjq+1
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
≤ π
4
.(3.22)
Indeed, one has on the one hand by (3.9) and (3.20) that p1 − pq − sjq+1 ≥ p1 −
pq − sjq + 1 = 1 + 1 = 2 then
π
2p1−pq−sjq+1
≤ π
4
.(3.23)
On the other hand, one has by Lemma 8 that
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
≤
∣∣∣∣∣∣
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
∣∣∣∣∣∣ ≤ 12sjq+1−sjq+1 = 1 ,
and
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
= 1−
2L+1∑
i=jq+2
(−1)i−jq
2sjq+1−si
≥ 1−
∣∣∣∣∣∣
2L+1∑
i=jq+2
(−1)i−jq
2sjq+1−si
∣∣∣∣∣∣
≥ 1− 1
2sjq+1−sjq+2
≥ 1− 1
2
=
1
2
,
the last estimate coming from (3.9). Once again, if the sum
∑2L+1
i=jq+2
(−1)i−jq/2sjq+1−si
is empty (only if jq = 2L), then one still has that
∑2L+1
i=jq+1
(−1)i−jq−1/2sjq+1−si =
1 ≥ 1/2. Hence
1
2
≤
2L+1∑
i=jq+1
(−1)i−jq−1
2sjq+1−si
≤ 1 .(3.24)
The claim follows by (3.23) and (3.24).
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In particular,
π
2p1−pq−sjq+1
∑2L+1
i=jq+1
(−1)i−jq−1/2sjq+1−si ∈
]
0,
π
2
[
where the
function sin is positive and increasing. It follows by (3.21) and (3.22) that∣∣∣∣tan( 2l + 12p1−pq+1 π
)∣∣∣∣ ≤ 1∣∣∣sin( π
2p1−pq−sjq+1
∑2L+1
i=jq+1
(−1)i−jq−1/2sjq+1−si
)∣∣∣
=
1
sin
( π
2p1−pq−sjq+1
∑2L+1
i=jq+1
(−1)i−jq−1/2sjq+1−si
)
≤ 1
sin
(
π/2
2p1−pq−sjq+1
) ≤ 1
2
π
× π/2
2p1−pq−sjq+1
= 2p1−pq−sjq+1 ,
the last estimate being justified by (2.19) from Lemma 4.
Finally, an application of Lemma 9 yields∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1 π
)∣∣∣∣ ≤ 1 +
2pqπ|θ|
2
∣∣∣∣tan( 2l + 12p1−pq+1π
)∣∣∣∣
≤ 1 + 2
pqπ|θ|
2
× 2p1−pq−sjq+1 = 1 + 2
p1π|θ|
21+sjq+1
,
and the lemma is proved. √
We finish the subsection with this result about the application q 7→ jq.
Lemma 13. The following application (that is well-defined by (3.20) )
{2 ≤ q ≤ n, pq ∈ S} −→ {1 ≤ j ≤ 2L}(3.25)
q 7→ jq ,
is strictly decreasing. It is in particular injective.
Proof. Indeed, let be q, q′ with 2 ≤ q < q′ ≤ n and such that pq, pq′ ∈ S. By (3.13),
there are 1 ≤ jq, jq′ ≤ 2L such that pq = p1− sjq − 1 and pq′ = p1− sjq′ − 1. Since
one has by (3.3) that
p1 − sjq − 1 = pq > pq′ = p1 − sjq′ − 1 ,
it follows that sjq < sjq′ and by (3.9) this gives
jq > jq′ . √
3.2. First case: |θ| ≤ 1/2p1. In this subsection, we want to prove the esti-
mate (3.6) when |θ| ≤ 1/2p1 . We can assume in all the following that θ 6= 0
since
l
(N)
1 (1) = l
(N)
1 (z1) = 1 .
First, one has by (3.2), (3.4) and (3.5) that∣∣∣l(N)1 (z)∣∣∣ = ∣∣∣l(N)1 (exp(iπθ))∣∣∣ =
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=
1
2p1
∣∣∣∣∣∣
2p1−1∑
j=0
exp
(
2jiπθ
)∣∣∣∣∣∣
n∏
q=2
∣∣∣∣exp (2pq iπθ) + exp( 2l+ 12p1−pq iπ
)∣∣∣∣∣∣∣∣1 + exp( 2l + 12p1−pq iπ
)∣∣∣∣
≤ 1
2p1
2p1−1∑
j=0
1
 n∏
q=2
∣∣∣∣1 + exp( 2l+ 12p1−pq iπ − 2pq iπθ
)∣∣∣∣∣∣∣∣1 + exp( 2l+ 12p1−pq iπ
)∣∣∣∣
=
n∏
q=2
2
∣∣∣∣cos( 2l+ 12p1−pq π2 − 2pqπθ2
)∣∣∣∣
2
∣∣∣∣cos( 2l+ 12p1−pq π2
)∣∣∣∣ =
n∏
q=2
∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ .
Next, an application of Lemma 10 yields
∣∣∣l(N)1 (z)∣∣∣ ≤
 ∏
2≤q≤n,pq∈T
×
∏
2≤q≤n,pq∈S

∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ .(3.26)
We first deal with the product associated with T . One has by Lemma 11 that
∏
2≤q≤n,pq∈T
∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≤
∏
2≤q≤n,pq∈T
(
1 +
2pqπ|θ|
2
)
≤
n∏
q=2
(
1 +
2pqπ|θ|
2
)
≤
n∏
q=2
(
1 +
π/2
2p1−pq
)
,
the last estimate being justified by the condition that |θ| ≤ 1/2p1. On the other
hand, an immediate induction on q = 1, . . . , n, that uses (3.3), gives that
p1 − pq ≥ q − 1 .
In addition, an application of Lemma 5 yields
∏
2≤q≤n,pq∈T
∣∣∣∣cos( 2l+ 12p1−pq+1 π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1 π
)∣∣∣∣ ≤
n∏
q=2
(
1 +
π/2
2q−1
)
≤
n∏
q=2
exp
(
π/2
2q−1
)
≤ exp
∑
q≥1
π/2
2q
 = exp(π
2
)
.(3.27)
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Now we deal with the product associated with S. Lemma 12 leads to
∏
2≤q≤n,pq∈S
∣∣∣∣cos( 2l + 12p1−pq+1 π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1 π
)∣∣∣∣ ≤
∏
2≤q≤n,pq∈S
(
1 +
2p1 |θ|π
21+sjq+1
)
≤
∏
2≤q≤n,pq∈S
(
1 +
π
21+sjq+1
)
,
the last estimate being justified by the condition that |θ| ≤ 1/2p1. On the other
hand, the application q 7→ jq is injective by Lemma 13, then so is
{2 ≤ q ≤ n, pq ∈ S} −→ {2 ≤ j ≤ 2L+ 1}
q 7→ jq + 1 .
It follows that
∏
2≤q≤n,pq∈S
∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≤
2L+1∏
j=2
(
1 +
π
21+sj
)
.
In addition, an immediate descending induction on j = 2L + 1, . . . , 2, with (3.9)
and the convention (3.10) together yield
1 + sj ≥ 2L+ 1− j .
This fact and an application of Lemma 5 lead to
∏
2≤q≤n,pq∈S
∣∣∣∣cos( 2l + 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1π
)∣∣∣∣ ≤
2L+1∏
j=2
(
1 +
π
22L+1−j
)
≤
2L+1∏
j=2
exp
( π
22L+1−j
)
≤ exp
∑
j≥0
π
2j
 = exp (2π) .(3.28)
Finally, the estimates (3.26), (3.27) and (3.28) together yield∣∣∣l(N)1 (z)∣∣∣ ≤ exp(π2)× exp (2π) ≤ exp (3π) ,
and this proves the estimate (3.6) in the case |θ| ≤ 1/2p1.
3.3. Second case: 1/2p1 ≤ |θ| ≤ 1/2pn. In this subsection we fix q = qθ = 2, . . . , n
(where we remind that qθ is defined by (3.7) ) and
1
2pqθ−1
≤ |θ| ≤ 1
2pqθ
.(3.29)
Let us consider the following set
Sθ := {q = qθ, . . . , n, pq ∈ S } = {qi}1≤i≤m ,(3.30)
where (only if Sθ is non empty) m = card(Sθ) ≥ 1 and the numeration (qi)1≤i≤m
is chosen so that
qθ ≤ q1 < · · · < qi < · · · < qm ≤ n .(3.31)
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Before dealing with this case, we want to give a couple of auxiliary results which
will be useful in all the subsection. The first one deals with the q’s whose pq ∈ T
(recall definition (3.12) ).
Lemma 14. qθ = 2, . . . , n being fixed, one has for all q˜ ≥ qθ and all |θ| ≤ 1/2pqθ ,
∏
q˜≤q≤n, pq∈T
∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≤ exp (π) .
Proof. First, one can assume that qθ ≤ q˜ ≤ n (indeed, if q˜ > n, then the above
product is empty and the estimate holds true). For all q = q˜, . . . , n such that
pq ∈ T , one can apply Lemma 11 to get (since q˜ ≥ qθ)
∏
q˜≤q≤n, pq∈T
∣∣∣∣cos( 2l + 12p1−pq+1 π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1 π
)∣∣∣∣ ≤
∏
q˜≤q≤n, pq∈T
(
1 +
2pqπ|θ|
2
)
≤
∏
qθ≤q≤n, pq∈T
(
1 +
2pqπ|θ|
2
)
≤
n∏
q=qθ
(
1 +
2pqπ|θ|
2
)
≤
n∏
q=qθ
(
1 +
π/2
2pqθ−pq
)
,
the last estimate being justified by the condition that |θ| ≤ 1/2pqθ . On the other
hand, an immediate induction on q = qθ, . . . , n that uses (3.3) yields
pqθ − pq ≥ q − qθ .
It follows by applying Lemma 5 that
∏
q˜≤q≤n, pq∈T
∣∣∣∣cos( 2l + 12p1−pq+1 π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1 π
)∣∣∣∣ ≤
n∏
q=qθ
(
1 +
π/2
2q−qθ
)
≤
n∏
q=qθ
exp
(
π/2
2q−qθ
)
≤ exp
∑
j≥0
π/2
2j
 = exp (π) ,
and the lemma is proved. √
The next one deals with the set Sθ.
Lemma 15. qθ = 2, . . . , n being fixed and q1 being defined by (3.30), one has for
all |θ| ≤ 1/2pqθ ,
∏
q∈Sθ,q 6=q1
∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1 π
)∣∣∣∣ ≤ exp (2π) .
Proof. First, one can assume that neither Sθ, nor Sθ \ {q1} are empty, i.e. m ≥ 2
in (3.30), otherwise the assertion is obvious since
∏
∅(·) = 1. We deduce from (3.30)
that
Sθ \ {q1} = {qi , i = 2, . . . ,m} .
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On the other hand, we remind by (3.20) that for all i = 2, . . . ,m (since every qi ∈ Sθ
then pqi ∈ S),
pqi = p1 − sjqi − 1 .
It follows by Lemma 12 that
∏
q∈Sθ,q 6=q1
∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ =
m∏
i=2
∣∣∣∣cos( 2l + 12p1−pqi+1π − 2pqiπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pqi+1π
)∣∣∣∣
≤
m∏
i=2
(
1 +
2p1 |θ|π
21+sjqi+1
)
.(3.32)
On the other hand, we know by Lemma 13 that the application q 7→ jq, is (strictly)
decreasing. Since by (3.31), qi−1 < qi for all i = 2, . . . ,m, it follows that jqi−1 > jqi ,
i.e.
jqi−1 ≥ jqi + 1 .
In addition, the application j 7→ sj being decreasing by (3.9), this yields
sjqi+1 ≥ sjqi−1 ,(3.33)
whose application at the estimate (3.32) leads to
∏
q∈Sθ,q 6=q1
∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≤
m∏
i=2
(
1 +
2p1 |θ|π
21+sjqi+1
)
≤
m∏
i=2
(
1 +
2p1 |θ|π
2
1+sjqi−1
)
=
m−1∏
i=1
(
1 +
2p1 |θ|π
21+sjqi
)
.(3.34)
Since qi satisfies (3.20) for all i = 1, . . . ,m− 1, it follows that
sjqi + 1 = p1 − pqi ,
then the estimate (3.34) becomes by Lemma 5
∏
q∈Sθ,q 6=q1
∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≤
m−1∏
i=1
(
1 +
2p1 |θ|π
2p1−pqi
)
≤
m−1∏
i=1
exp (2pqi |θ|π)
≤ exp
(
m∑
i=1
2pqi |θ|π
)
= exp
∑
q∈Sθ
2pq |θ|π

≤ exp
(
n∑
q=qθ
2pq |θ|π
)
≤ exp
(
n∑
q=qθ
π
2pqθ−pq
)
,(3.35)
the last estimate being justified by the condition that |θ| ≤ 1/2pqθ . On the other
hand, an immediate induction on q = qθ, . . . , n, that uses (3.3) yields
pqθ − pq ≥ q − qθ .
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The estimate (3.35) then becomes
∏
q∈Sθ,q 6=q1
∣∣∣∣cos( 2l + 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1π
)∣∣∣∣ ≤ exp
(
n∑
q=qθ
π
2q−qθ
)
≤ exp
∑
j≥0
π
2j

= exp (2π) ,
and the lemma is proved. √
Now we can deal with the required estimate (3.6) after fixing qθ = 2, . . . , n and
θ with 1/2pqθ−1 ≤ |θ| ≤ 1/2pqθ . First (since θ 6= 0 then z 6= 1), one has by (3.1),
(3.4) and (3.5) that∣∣∣l(N)1 (z)∣∣∣ = 12p1
∣∣z2p1 − 1∣∣
|z − 1| ×
n∏
q=2
∣∣z2pq + ω2pq0 ∣∣∣∣1 + ω2pq0 ∣∣
≤ 1
2p1
∣∣z2p1 ∣∣+ 1
|z − 1| ×
qθ−1∏
q=2
∣∣z2pq ∣∣+ ∣∣ω2pq0 ∣∣∣∣1 + ω2pq0 ∣∣ ×
n∏
q=qθ
∣∣z2pq + ω2pq0 ∣∣∣∣1 + ω2pq0 ∣∣
=
1
2p1
2
|exp (iπθ)− 1|
qθ−1∏
q=2
2∣∣∣∣1 + exp( 2l + 12p1−pq iπ
)∣∣∣∣
n∏
q=qθ
∣∣∣∣exp (2pq iπθ) + exp( 2l+ 12p1−pq iπ
)∣∣∣∣∣∣∣∣1 + exp( 2l + 12p1−pq iπ
)∣∣∣∣ ,
then
∣∣∣l(N)1 (z)∣∣∣ ≤ 12p1 1| sin(πθ/2)|
qθ−1∏
q=2
1∣∣∣∣cos( 2l + 12p1−pq π2
)∣∣∣∣
n∏
q=qθ
∣∣∣∣cos( 2l+ 12p1−pq π2 − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq π2
)∣∣∣∣
≤ 1
2p1
1
|θ| ×
qθ−1∏
q=2
1∣∣∣∣cos( 2l + 12p1−pq π2
)∣∣∣∣ ×
n∏
q=qθ
∣∣∣∣cos( 2l + 12p1−pq π2 − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq π2
)∣∣∣∣ ,(3.36)
the last estimate following by (2.19) from Lemma 4: indeed, since 0 < |θ| ≤ 1, then
π|θ|/2 ∈
]
0,
π
2
]
where the function sin is positive thus,∣∣∣∣sin(πθ2
)∣∣∣∣ = ∣∣∣∣sin(π|θ|2
)∣∣∣∣ = sin(π|θ|2
)
≥ 2
π
× π|θ|
2
= |θ| .(3.37)
Now if we assume that
Sθ = ∅ ,
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then {pq , qθ ≤ q ≤ n} ⊂ T by Lemma 10 and
∣∣∣l(N)1 (z)∣∣∣ ≤ 12p1 |θ| × 1∏qθ−1
q=2
∣∣∣∣cos( 2l + 12p1−pq+1 π
)∣∣∣∣ ×
×
∏
qθ≤q≤n, pq∈T
∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ .(3.38)
On the other hand, one has
qθ−1∏
q=2
∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≥ p1−pqθ−1+1∏
j=p1−p2+1
∣∣∣∣cos(2l + 12j π
)∣∣∣∣ ≥ p1−pqθ−1+1∏
j=2
∣∣∣∣cos(2l+ 12j π
)∣∣∣∣
=
∣∣∣∣∣∣
p1−pqθ−1∏
j=1
cos
(
(2l + 1)π/2
2j
)∣∣∣∣∣∣ ,
since p1−p2+1 ≥ 2 and any term of the involved products is not greater than 1. An
application of Lemma 6 (with α = (2l+1)π/2 /∈ πZ andm = p1−pqθ−1 ≥ p1−p1 = 0
since qθ ≥ 2) yields
qθ−1∏
q=2
∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≥ |sin ((2l + 1)π/2)|
2p1−pqθ−1
∣∣∣∣sin( (2l+ 1)π/22p1−pqθ−1
)∣∣∣∣ ≥
1
2p1−pqθ−1
.(3.39)
It follows that (3.38), (3.39) and Lemma 14 (with the choice of q˜ = qθ) together
yield
∣∣∣l(N)1 (z)∣∣∣ ≤ 12p1 |θ| × 2p1−pqθ−1 × exp(π) = exp(π)2pqθ−1 |θ| ≤ exp (π) ,
the last estimate being justified by the condition that |θ| ≥ 1/2pqθ−1 , and this proves
the required assertion in the case Sθ = ∅.
Now we assume that Sθ is non empty. In particular, we can deal with q1, i.e.
∣∣∣∣cos( 2l+ 12p1−pq1+1 π − 2pq1πθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣ ≤
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≤
∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣ ∣∣∣∣cos(2pq1πθ2
)∣∣∣∣+ ∣∣∣∣sin( 2l+ 12p1−pq1+1π
)∣∣∣∣ ∣∣∣∣sin(2pq1πθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣
≤
∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣+ ∣∣∣∣sin(2pq1πθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣
≤
2max
[∣∣∣∣cos( 2l+ 12p1−pq1+1 π
)∣∣∣∣ , ∣∣∣∣sin(2pq1πθ2
)∣∣∣∣]∣∣∣∣cos( 2l+ 12p1−pq1+1π
)∣∣∣∣ ,
then by applying (2.20) from Lemma 4,∣∣∣∣cos( 2l + 12p1−pq1+1π − 2pq1πθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq1+1π
)∣∣∣∣ ≤
2max
[∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣ , 2pq1π|θ|2
]
∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣ .(3.40)
Now, let assume that
max
[∣∣∣∣cos( 2l+ 12p1−pq1+1π
)∣∣∣∣ , 2pq1π|θ|2
]
=
∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣ ,
then (3.40) becomes ∣∣∣∣cos( 2l+ 12p1−pq1+1 π − 2pq1πθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣ ≤ 2 .(3.41)
It follows by Lemma 14 (with the choice of q˜ = qθ) and Lemma 15 that
n∏
q=qθ
∣∣∣∣cos( 2l + 12p1−pq+1 π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq+1 π
)∣∣∣∣ =
∣∣∣∣cos( 2l+ 12p1−pq1+1π − 2pq1πθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣ ×
×
 ∏
qθ≤q≤n, pq∈T
×
∏
q∈Sθ,q 6=q1

∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣
≤ 2× exp (π)× exp (2π) ≤ π exp (3π) .(3.42)
Then the estimates (3.36), (3.39) and (3.42) together yield∣∣∣l(N)1 (z)∣∣∣ ≤ 12p1 |θ| × 2p1−pqθ−1 × π exp (3π) = π exp (3π)2pqθ−1 |θ| ≤ π exp (3π) ,
the last estimate being justified by the condition that |θ| ≥ 1/2pqθ−1 , and this proves
the required assertion in this case.
30 A BOUND FOR LAGRANGE POLYNOMIALS OF LEJA POINTS AND APPLICATIONS
The remaining case is the one for which
max
[∣∣∣∣cos( 2l+ 12p1−pq1+1π
)∣∣∣∣ , 2pq1π|θ|2
]
=
2pq1π|θ|
2
.(3.43)
We prove an estimate similar to (3.36) with qθ replaced with q1. Since z 6= 1, one
still has by (3.1), (3.4) and (3.5) that
∣∣∣l(N)1 (z)∣∣∣ =
∣∣z2p1 − 1∣∣
2p1 |z − 1|
n∏
q=2
∣∣z2pq + ω2pq0 ∣∣∣∣1 + ω2pq0 ∣∣ ≤ 22p1 |z − 1|
q1−1∏
q=2
2∣∣1 + ω2pq0 ∣∣
n∏
q=q1
∣∣z2pq + ω2pq0 ∣∣∣∣1 + ω2pq0 ∣∣
=
1
2p1
2
|exp (iπθ)− 1| ×
q1−1∏
q=2
2∣∣∣∣1 + exp( 2l+ 12p1−pq iπ
)∣∣∣∣ ×
×
∣∣∣∣exp (2pq1 iπθ) + exp( 2l+ 12p1−pq1 iπ
)∣∣∣∣∣∣∣∣1 + exp( 2l+ 12p1−pq1 iπ
)∣∣∣∣
n∏
q=q1+1
∣∣∣∣exp (2pq iπθ) + exp( 2l + 12p1−pq iπ
)∣∣∣∣∣∣∣∣1 + exp( 2l+ 12p1−pq iπ
)∣∣∣∣ ,
then∣∣∣l(N)1 (z)∣∣∣ ≤ 12p1 1| sin(πθ/2)| ×
q1−1∏
q=2
1∣∣∣∣cos( 2l+ 12p1−pq π2
)∣∣∣∣
×
∣∣∣∣cos( 2l+ 12p1−pq1+1π − 2pq1πθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq1 π2
)∣∣∣∣ ×
n∏
q=q1+1
∣∣∣∣cos( 2l+ 12p1−pq π2 − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq π2
)∣∣∣∣ ,
On the other hand, one has by (3.40) and (3.43) that∣∣∣∣cos( 2l+ 12p1−pq1+1 π − 2pq1πθ2
)∣∣∣∣∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣ ≤
2max
[∣∣∣∣cos( 2l+ 12p1−pq1+1 π
)∣∣∣∣ , 2pq1π|θ|2
]
∣∣∣∣cos( 2l + 12p1−pq1+1π
)∣∣∣∣
≤ 2× 2
pq1π|θ|/2∣∣∣∣cos( 2l+ 12p1−pq1+1π
)∣∣∣∣ .
It follows by also applying (3.37) that∣∣∣l(N)1 (z)∣∣∣ ≤ 12p1 1|θ| × 1∏q1
q=2
∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ×
× 2pq1π|θ| ×
n∏
q=q1+1
∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ .(3.44)
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Now one has
q1∏
q=2
∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≥ p1−pq1+1∏
j=p1−p2+1
∣∣∣∣cos(2l + 12j π
)∣∣∣∣ ≥ p1−pq1+1∏
j=2
∣∣∣∣cos(2l+ 12j π
)∣∣∣∣
=
∣∣∣∣∣∣
p1−pq1∏
j=1
cos
(
(2l + 1)π/2
2j
)∣∣∣∣∣∣ ,
since p1−p2+1 ≥ 2 and any term of the involved products is not greater than 1. An
application of Lemma 6 (with α = (2l+1)π/2 /∈ πZ and m = p1−pq1 ≥ p1−p2 > 0
since q1 ≥ qθ ≥ 2) yields
q1∏
q=2
∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≥ |sin ((2l + 1)π/2)|
2p1−pq1
∣∣∣∣sin( (2l + 1)π/22p1−pq1
)∣∣∣∣ ≥
1
2p1−pq1
.(3.45)
Next, since by (3.30), {q1 + 1 ≤ q ≤ n , pq ∈ S} = {qi, i = 2, . . . ,m} = Sθ\{q1},
one can apply Lemma 10 (for all q = q1 + 1, . . . , n), Lemma 14 (with the choice of
q˜ = q1 + 1 > q1 ≥ qθ) and Lemma 15 to get
n∏
q=q1+1
∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ =
=
 ∏
q1+1≤q≤n, pq∈T
×
∏
q∈Sθ,q 6=q1

∣∣∣∣cos( 2l+ 12p1−pq+1π − 2pqπθ2
)∣∣∣∣∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣
≤ exp (π)× exp (2π) = exp (3π) .(3.46)
Finally, the estimates (3.44), (3.45) and (3.46) together yield∣∣∣l(N)1 (z)∣∣∣ ≤ 12p1 |θ| × 2p1−pq1 × 2pq1π|θ| × exp (3π) = π exp (3π) ,
and this proves the required estimate (3.6) in the case 1/2pqθ−1 ≤ |θ| ≤ 1/2pqθ .
The assertion being true for all θ with 1/2pqθ−1 ≤ |θ| ≤ 1/2pqθ , and all qθ =
2, . . . , n, the required estimate (3.6) is then proved for all θ with 1/2p1 ≤ |θ| ≤
1/2pn.
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3.4. Third case: |θ| ≥ 1/2pn. Now we fix θ with 1/2pn ≤ |θ| ≤ 1. In particular,
z 6= 1 then one has by (3.1), (3.4) and (3.5) that∣∣∣l(N)1 (z)∣∣∣ = 12p1
∣∣z2p1 − 1∣∣
|z − 1| ×
n∏
q=2
∣∣z2pq + ω2pq0 ∣∣∣∣1 + ω2pq0 ∣∣ ≤ 12p1
∣∣z2pq ∣∣+ 1
|z − 1|
n∏
q=2
∣∣z2pq ∣∣+ ∣∣ω2pq0 ∣∣∣∣1 + ω2pq0 ∣∣
=
1
2p1
2
|exp (iπθ)− 1|
n∏
q=2
2∣∣∣∣1 + exp( 2l+ 12p1−pq iπ
)∣∣∣∣
=
1
2p1 | sin(πθ/2)|
n∏
q=2
1∣∣∣∣cos( 2l+ 12p1−pq π2
)∣∣∣∣ ≤
1
2p1 |θ|
n∏
q=2
1∣∣∣∣cos( 2l + 12p1−pq+1π
)∣∣∣∣ ,
the last estimate being an application of (3.37), i.e. |sin (πθ/2)| ≥ |θ| (that is still
valid since π|θ|/2 ∈ ]0, π/2]). Since we have |θ| ≥ 1/2pn , it follows that∣∣∣l(N)1 (z)∣∣∣ ≤ 12p1−pn
n∏
q=2
1∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ .(3.47)
On the other hand, for all q = 2, . . . , n, one has by (3.3)
2 ≤ p1 − p2 + 1 ≤ p1 − pq + 1 ≤ p1 − pn + 1 ,
then
n∏
q=2
∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≥ p1−pn+1∏
j=2
∣∣∣∣cos(2l+ 12j π
)∣∣∣∣ =
∣∣∣∣∣∣
p1−pn∏
j=1
cos
(
(2l+ 1)π/2
2j
)∣∣∣∣∣∣ ,
since any term of the involved products is not greater than 1. An application of
Lemma 6 (with α = (2l+ 1)π/2 /∈ πZ and m = p1 − pn) yields
n∏
q=2
∣∣∣∣cos( 2l+ 12p1−pq+1π
)∣∣∣∣ ≥ |sin ((2l + 1)π/2)|
2p1−pn
∣∣∣∣sin( (2l + 1)π/22p1−pn
)∣∣∣∣ ≥
1
2p1−pn
.(3.48)
Thus, the estimates (3.47) and (3.48) together lead to∣∣∣l(N)1 (z)∣∣∣ ≤ 12p1−pn × 2p1−pn = 1 ,
and this proves the required estimate (3.6) in this last case, and finally completes
its whole proof for all |θ| ≤ 1.
4. Proof of Theorem 1 in the general case
4.1. A couple of auxiliary results for the proof of Theorem 1. In the pre-
vious section, we have considered the special case of l
(N)
1 (i.e. the FLIP associated
with z1 = 1) and l = 1, . . . , 2
p1−1 for ω0. The following result gives a way to extend
the required estimate (3.6) for every FLIP associated with zk where k = 2, . . . , 2
p1 .
We remind from (3.3) that, in all the subsection, we consider N defined as follows:
N = 2p1 + · · ·+ 2pn with p1 > p2 > · · · > pn ≥ 0 and n ≥ 2 .(4.1)
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We will also use in all the following the simplified notation (for any function f
defined on the closed disk):
‖f‖
D
:= sup
z∈D
|f(z)| .
We can begin with the following result.
Lemma 16. Let LN be the N -Leja section of any fixed Leja sequence L (that starts
at z1 = 1). For all k = 1, . . . , 2
p1 , let us consider zk ∈ L (i.e. zk ∈ Ω2p1 is any
2p1-th root of the unity) and its associated FLIP l
(N)
k . Then for all z ∈ C,∣∣∣l(N)k (zkz)∣∣∣ = ∣∣∣l˜(N)1 (z)∣∣∣ ,(4.2)
where l˜
(N)
1 is the FLIP associated with z˜1 = 1 of (possibly) another N -Leja section
L˜N (i.e. the N -Leja section of a possibly another Leja sequence that also starts at
z1 = 1).
In particular, ∥∥∥l(N)k ∥∥∥
D
=
∥∥∥l˜(N)1 ∥∥∥
D
.(4.3)
Proof. Let be zk ∈ Ω2p1 (i.e. a 2p1 -th root of the unity). We know by (2.15) from
Lemma 3 that there is ω0 a 2
p1-th root of −1 such that, for all z ∈ C with z 6= zk,∣∣∣l(N)k (z)∣∣∣ = 12p1
∣∣z2p1 − 1∣∣
|z − zk| ×
n∏
q=2
∣∣z2pq + ω2pq0 ∣∣∣∣z2pqk + ω2pq0 ∣∣ ,
then for all z 6= 1,∣∣∣l(N)k (zkz)∣∣∣ = 12p1
∣∣z2p1k z2p1 − 1∣∣
|zzk − zk| ×
n∏
q=2
∣∣z2pqk z2pq + ω2pq0 ∣∣∣∣z2pqk + ω2pq0 ∣∣
=
1
2p1
∣∣1× z2p1 − 1∣∣
|zk| |z − 1| ×
n∏
q=2
∣∣z2pqk ∣∣ ∣∣∣z2pq + (ω0/zk)2pq ∣∣∣∣∣z2pqk ∣∣ |1 + (ω0/zk)2pq |
=
1
2p1
∣∣z2p1 − 1∣∣
1× |z − 1| ×
n∏
q=2
∣∣∣z2pq + (ω0/zk)2pq ∣∣∣
|1 + (ω0/zk)2pq | .
It follows that for all z 6= 1,∣∣∣l(N,ω0)k (zkz)∣∣∣ = ∣∣∣l(N,ω1)1 (z)∣∣∣ ,
where
ω1 :=
ω0
zk
is still a 2p1-th root of −1 and l(N,ω0)k (resp., l(N,ω1)1 ) is the FLIP associated with zk
(resp., z˜1 = 1) and the 2
p1-th root ω0 (resp., ω1). We remind as specified by (2.18)
from Remark 2.1 that the data of Ω2p1 and ω1 conversely gives a N -Leja section
(that starts at z˜1 = 1) and whose first FLIP is exactly l
(N,ω1)
1 . This proves (4.2) by
setting l˜
(N)
1 := l
(N,ω1)
1 , and (4.3) follows since |zk| = 1. √
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We finish this subsection with the following result that is the proof of the required
estimate (3.6) for l
(N)
1 and the unique case of ω0 that was not considered in the
previous section.
Lemma 17. Let fix k = 1 (i.e. zk = z1 = 1) and l = 0 in (3.4), i.e.
ω0 = exp
(
iπ
2p1
)
.
Then ∥∥∥l(N)1 ∥∥∥
D
≤ π
2
.
In particular, the estimate (3.6) is still valid in this case.
Proof. For all z ∈ C with |z| ≤ 1, one has by (3.2) that
∣∣∣l(N)1 (z)∣∣∣ = 12p1
∣∣∣∣∣∣
2p1−1∑
j=0
zj
∣∣∣∣∣∣×
n∏
q=2
∣∣z2pq + ω2pq0 ∣∣∣∣1 + ω2pq0 ∣∣ ≤ 12p1
2p1−1∑
j=0
∣∣zj∣∣× n∏
q=2
∣∣z2pq ∣∣+ ∣∣ω2pq0 ∣∣∣∣1 + ω2pq0 ∣∣
≤ 1×
n∏
q=2
2
|1 + exp (iπ/2p1−pq )| =
n∏
q=2
2
2
∣∣∣∣cos( 12p1−pq π2
)∣∣∣∣ ,
then
sup
|z|≤1
∣∣∣l(N)1 (z)∣∣∣ ≤ 1∏n
q=2 |cos (π/2p1−pq+1)|
.(4.4)
On the other hand, for all q = 2, . . . , n, one has by (4.1) that
2 ≤ p1 − p2 + 1 ≤ p1 − pq + 1 ≤ p1 − pn + 1 ≤ p1 + 1 ,
then
n∏
q=2
∣∣cos (π/2p1−pq+1)∣∣ ≥ p1−pn+1∏
j=p1−p2+1
∣∣cos (π/2j)∣∣ ≥ p1+1∏
j=2
∣∣cos (π/2j)∣∣ ,
since any term in the involved products is not greater than 1. It follows by Lemma 6
with α = π/2 (/∈ πZ) and m = p1 that
n∏
q=2
∣∣cos (π/2p1−pq+1)∣∣ ≥
∣∣∣∣∣∣
p1∏
j=1
cos
(
π/2
2j
)∣∣∣∣∣∣ = |sin (π/2)|2p1 ∣∣∣∣sin(π/22p1
)∣∣∣∣ ≥
1
2p1 × π/2
2p1
=
2
π
,
where the last estimate is justified by (2.20) from Lemma 4, and the proof is finished
by (4.4). √
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4.2. Proof of Theorem 1. Before giving the proof of Theorem 1, we need the
following preliminar result in which we deal with the other FLIPs associated with
zk ∈ LN \ Ω2p1 .
Lemma 18. Let LN be a N -Leja section whose first point z1 starts at 1. There
is an (N − 2p1)-Leja section L˜N−2p1 that also starts at z˜1 = 1, with the following
property: for all k = 2p1 + 1, . . . , N , there is k′ with 1 ≤ k′ ≤ N − 2p1 such that∥∥∥l(N)k (z)∥∥∥
D
≤
∥∥∥l˜(N−2p1)k′ ∥∥∥
D
,
where l˜
(N−2p1)
k′ is the FLIP associated with z˜k′ ∈ L˜N−2p1 .
In addition, the correspondence
k, 2p1 + 1 ≤ k ≤ N 7→ k′, 1 ≤ k′ ≤ N − 2p1 ,
is well-defined and one-to-one.
Proof. First, let us consider k = 2p1+1, . . . , N and the FLIP l
(N)
k associated with zk.
LN being a N -Leja section that starts at z1 = 1, one necessarily has by Theorem 5
from [4] (or (2.14) ) that zk /∈ Ω2p1 , i.e. zk is a 2p1-th root of −1. It follows that∣∣∣l(N)k (z)∣∣∣ =
∣∣∣∣∣∣
∏
zj∈LN ,zj 6=zk
z − zj
zk − zj
∣∣∣∣∣∣
=
∣∣∣∣∣∣
∏
zj∈Ω2p1
z − zj
zk − zj
∣∣∣∣∣∣×
∣∣∣∣∣∣
∏
zj∈LN\Ω2p1 ,zj 6=zk
z − zj
zk − zj
∣∣∣∣∣∣ .(4.5)
On the one hand, one has for all |z| ≤ 1,∣∣∣∣∣∣
∏
zj∈Ω2p1
z − zj
zk − zj
∣∣∣∣∣∣ =
∣∣z2p1 − 1∣∣
|z2p1k − 1|
≤ |z|
2p1 + 1
| − 1− 1| =
2
2
= 1 ,(4.6)
since z2
p1
k = −1.
On the other hand, one has (again by Theorem 5 from [4], or (2.14) ) that
LN \ Ω2p1 = ω1L˜N−2p1 ,
where ω1 is a 2
p1-th root of −1, L˜N−2p1 is the (N − 2p1)-section of (maybe) another
Leja sequence L˜ = {z˜1, z˜2, . . . , z˜j, . . .} with z˜1 = 1, and the above equality is meant
as sets. In particular, zk ∈ ω1L˜N−2p1 can be written as zk = ω1z˜k′ with 1 ≤ k′ ≤
N − 2p1 . This proves that the correspondence:
zk, 2
p1 + 1 ≤ k ≤ N 7→ z˜k′ , 1 ≤ k′ ≤ N − 2p1
(then k 7→ k′ as well), is well-defined and injective. Since card (LN \ Ω2p1 ) =
N − 2p1 = card
(
ω1L˜N−2p1
)
, it is also one-to-one.
In particular, this leads to∣∣∣∣∣∣
∏
zj∈LN\Ω2p1 ,zj 6=zk
z − zj
zk − zj
∣∣∣∣∣∣ =
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=
∣∣∣∣∣∣∣
∏
zj∈ω1L˜N−2p1 ,zj 6=zk
z − zj
zk − zj
∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
∏
z˜j∈L˜N−2p1 ,z˜j 6=z˜k′
z − ω1z˜j
ω1z˜k′ − ω1z˜j
∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣
∏
z˜j∈L˜N−2p1 ,z˜j 6=z˜k′
z/ω1 − z˜j
z˜k′ − z˜j
∣∣∣∣∣∣∣ =
∣∣∣∣l˜(N−2p1)k′ ( zω1
)∣∣∣∣ ,(4.7)
where l˜
(N−2p1)
k′ is the FLIP associated with z˜k′ from the (N − 2p1)-Leja section
L˜N−2p1 .
Finally, the estimates (4.5), (4.6) and (4.7) together yield
sup
|z|≤1
∣∣∣l(N)k (z)∣∣∣ ≤ 1× sup
|z|≤1
∣∣∣∣l˜(N−2p1)k′ ( zω1
)∣∣∣∣ ,
and the lemma is proved since |ω1| = 1. √
Now we can finally give the proof of Theorem 1. We then consider LN the
N -section of any fixed Leja sequence, where
N = 2p1 + 2p2 + · · ·+ 2pn with p1 > p2 > · · · > pn ≥ 0 and n ≥ 1 .(4.8)
Proof. First, by the symmetry of the disk, we can wlog assume that (the first Leja
point) z1 = 1. Next, by the maximum modulus principle, it suffices to prove the
required estimate for all |z| = 1, i.e. z = exp(iπθ) with θ ∈ ] − 1, 1]. The proof is
by induction on n ≥ 1, where n is defined from (4.8).
The special case of n = 1 means that N = 2p1 with p1 ≥ 0. Then L2p1 = Ω2p1
by Theorem 5 from [4], and (2.5) from Lemma 1 yields for all k = 1, . . . , 2p1 ,
sup
z∈D
∣∣∣l(2p1)k (z)∣∣∣ = 1 .
An alternative argument is that the set Ω2p1 is a 2
p1-Fekete set for the unit disk
(as specified by (1.7) from the Introduction, see also [12]). Thus, all the FLIPs are
bounded by 1.
Now let be N with n ≥ 2 (i.e. 2p1 < N < 2p1+1), let be LN and consider the
associated ω0 defined from Lemma 3 and that can be written as follows:
ω0 = exp
(
2l + 1
2p1
iπ
)
with l = 0, . . . , 2p1 − 1 .
We first prove the theorem for the FLIP l
(N)
1 associated with z1 = 1, and we fix
|z| = 1. If l = 0, then the theorem is a consequence of Lemma 17. Otherwise,
1 ≤ l ≤ 2p1 − 1 then the assertion is a consequence of what has been proved in
Section 3. The theorem is then true for l
(N)
1 with any N -Leja section LN .
Next, if 2 ≤ k ≤ 2p1 , then zk ∈ Ω2p1 (i.e. zk is a 2p1-th root of the unity, see
Theorem 1 from [9], or (2.14) ). An application of (4.3) from Lemma 16 yields∥∥∥l(N)k ∥∥∥
D
=
∥∥∥l˜(N)1 ∥∥∥
D
,
where l˜
(N)
1 is the FLIP associated with z˜1 = 1 from (possibly) another N -Leja
section L˜N . Since the theorem is valid for l(N)1 and any N -Leja section, it follows
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that it holds true for l
(N)
k . Thus, it is proved for all k = 1, . . . , 2
p1 (and for any
N -Leja section).
Lastly, let us consider k = 2p1 + 1, . . . , N and the FLIP l
(N)
k associated with zk.
LN being a N -Leja section that starts at z1 = 1, necessarily zk /∈ Ω2p1 , i.e. zk is a
2p1-th root of −1 (see Theorem 5 from [4]). An application of Lemma 18 gives that∥∥∥l(N)k (z)∥∥∥
D
≤
∥∥∥l˜(N−2p1)k′ ∥∥∥
D
,
where l˜
(N−2p1)
k′ is the FLIP associated with z˜k′ ∈ L˜N−2p1 and L˜N−2p1 is an (N − 2p1)-
Leja section that also starts at z˜1 = 1. Since by (4.8),
N − 2p1 = 2p2 + 2p3 + · · ·+ 2pn =
n−1∑
q=1
2pq+1 ,
it follows that the induction hypothesis can be applied to L˜N−2p1 with n− 1, and
the above inequality becomes∥∥∥l(N)k (z)∥∥∥
D
≤
∥∥∥l˜(N−2p1)k′ ∥∥∥
D
≤ π exp(3π) .
This finally achieves the induction and the whole proof of the theorem. √
5. On the special case of N = 2p − 1
As it has been pointed in the Introduction, the bound from Theorem 1 may not be
optimal. That is why we want to consider here the special case of N = 2p−1 where
the associated estimate can be considerably improved. Indeed, it is first proved (see
Proposition 2 below) that supz∈D
∣∣∣l(2p−1)k (z)∣∣∣ ≤ 2 for all k = 1, . . . , 2p − 1 (and for
exceptional values of k, the bound cannot be better than 4/π).
On the other hand, numerical simulations let us think that for almost k =
1, . . . , 2p − 1, the associated bound for l(2p−1)k is almost 1, i.e. any (2p − 1)-Leja
section is almost a (2p − 1)-Fekete set for the unit disk. We may explain what is
meant by using almost and this is specified by the following result that has been
mentioned in the Introduction.
Theorem 5. Let L be any Leja sequence for the unit disk and let us consider for
all p ≥ 1,
{
l
(2p−1)
k
}
1≤k≤2p−1
the associated family of FLIPs. Then
lim
p→+∞
[
1
2p − 1
2p−1∑
k=1
sup
z∈D
∣∣∣l(2p−1)k (z)∣∣∣
]
= 1 .(5.1)
More precisely, for all p ≥ 2,
2p − 1 <
2p−1∑
k=1
sup
z∈D
∣∣∣l(2p−1)k (z)∣∣∣ ≤ (1 + ε(1/p))× (2p − 1) ,(5.2)
where limp→+∞ ε(1/p) = 0.
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We first notice that, except for an asymptotically negligible number of values for
k = 1, . . . , N , the FLIPs are asymptotically bounded by 1.
Next, as an application, it is a heuristic confirmation of Theorem 8 from [9]
where it is proved that Λ2p−1 = 2
p − 1 for all p ≥ 1. Although we think that this
way will not allow us to prove the conjecture from [9] that ΛN ≤ N for all N ≥ 1.
If we wanted to get this last result as an application of Theorem 5, we should
then prove a better estimate, like for example
∑2p−1
k=1 supz∈D
∣∣∣l(2p−1)k (z)∣∣∣ ≤ 2p − 1.
Unfortunately, and as it could be suspected, this cannot be possible as specified by
the left-hand side of (5.2).
Finally, this makes us think that this way will not allow us to prove the conjecture
from [9] that ΛN ≤ N for all N ≥ 1 (although we think that the worst values of ΛN
appear for N = 2p−1, as it has been pointed out in the last part of [10], Numerical
illustration, p. 198–199).
Before giving the proof, we first remind the notation N = 2p1+1 − 1 = 2p1 +
2p1−1 + · · ·+ 2 + 1, i.e.
n = p1 + 1 and pq = p1 − q + 1 , for all q = 1, . . . , p1 + 1 .(5.3)
We will first deal with a subfamily of FLIPs: for all l = 0, . . . , 2p1−1, we consider
the 2p1-th root of −1,
ωl := exp
(
2l + 1
2p1
iπ
)
,(5.4)
and for all z 6= 1, ωl, we set
l(N)ωl (z) :=
1− ωl
2p1+1
× z
2p1+1 − 1
(z − 1) (z − ωl) .(5.5)
As we will see in the following, l
(N)
ωl is indeed a FLIP (at least in modulus) for all
l = 0, . . . , 2p1 − 1. We then want to begin with preliminar results for the estimate
of the l
(N)
ωl ’s for almost every l = 1, . . . , 2
p1 − 1 (as it will be specified below).
5.1. A preliminar estimate for l
(N)
ωl and for almost every l. We begin with
an estimate of |1− ωl|.
Lemma 19. Let fix ε0 > small enough such that ε02
p1 ≤ (1− ε0) 2p1 − 1 for all
p1 ≥ 1 (for example, if ε0 ≤ 1/4). Then for all l with ε02p1 ≤ l ≤ (1− ε0) 2p1 − 1
(where ωl = exp [(2l+ 1)iπ/2
p1 ]), one has
|1− ωl| ≥ 4ε0 .
Proof. We know from hypothesis about l that
2l+ 1
2p1
≥ 2× ε02
p1 + 1
2p1
≥ ε02
p1+1
2p1
= 2ε0 .
Similarly,
2l+ 1
2p1
≤ 2× ((1− ε0) 2
p1 − 1) + 1
2p1
=
(1− ε0) 2p1+1 − 1
2p1
≤ 2 (1− ε0) .
Thus,
0 < πε0 ≤ 2l+ 1
2p1
π
2
≤ π (1− ε0) < π .
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In particular,
2l+ 1
2p1
π
2
∈ [0, π] then∣∣∣∣sin(2l+ 12p1 π2
)∣∣∣∣ = sin(2l + 12p1 π2
)
≥ min [sin (πε0) , sin (π − πε0)] = sin (πε0) .
It follows that
|1− ωl| =
∣∣∣∣1− exp(2l + 12p1 iπ
)∣∣∣∣ = 2 ∣∣∣∣sin(2l+ 12p1 π2
)∣∣∣∣ ≥ 2 sin (πε0) .
On the other hand, since 0 < πε0 ≤ π/4 < π/2, an application of (2.19) from
Lemma 4 yields
|1− ωl| ≥ 2 sin (πε0) ≥ 2× 2
π
× πε0 = 4ε0 ,
and this proves the lemma. √
The following result gives an estimate of l
(N)
ωl for the z’s which are close to 1 or
ωl.
Lemma 20. Let fix ε0 > small enough such that ε02
p1 ≤ (1− ε0) 2p1 − 1 for all
p1 ≥ 1 (for example, if ε0 ≤ 1/4). Then for all l with ε02p1 ≤ l ≤ (1− ε0) 2p1 − 1
and all z ∈ D such that |z−1| ≤ ε20 or |z−ωl| ≤ ε20 (where ωl = exp [(2l+ 1)iπ/2p1 ],
see (5.4) ), one has ∣∣∣l(N)ωl (z)∣∣∣ ≤ 11− ε0/4 .
Proof. First, let notice that l
(N)
ωl is a polynomial since by (5.5), for all z ∈ C,
l(N)ωl (z) =
1− ωl
2p1+1
×
(
z2
p1
)2 − 1
(z − 1) (z − ωl) =
1− ωl
2p1+1
×
(
z2
p1 − 1)× (z2p1 + 1)
(z − 1) (z − ωl)
=
1− ωl
2p1+1
z2
p1 − 1
z − 1
z2
p1 − ω2p1l
z − ωl =
1− ωl
2p1+1
2p1−1∑
j=0
zj
2p1−1∑
j=0
ω2
p1−1−j
l z
j

(because ω2
p1
l = −1). In particular, l(N)ωl is continuous then it suffices to prove the
required estimate for all z 6= 1, ωl.
Next, if |z − 1| ≤ ε20, then by Lemma 19,
|z − 1|
|1− ωl| ≤
ε20
4ε0
=
ε0
4
thus,
|1− ωl|
|z − ωl| ≤
|1− ωl|
|1− ωl| − |z − 1| =
1
1− |z − 1|/|1− ωl| ≤
1
1− ε0/4 .
Since z 6= 1, ωl, and |z| ≤ 1, it follows by (5.5) that∣∣∣l(N)ωl (z)∣∣∣ = 12p1+1
∣∣∣∣∣z2
p1+1 − 1
z − 1
∣∣∣∣∣ |1− ωl||z − ωl| = 12p1+1
∣∣∣∣∣∣
2p1+1−1∑
j=0
zj
∣∣∣∣∣∣ |1− ωl||z − ωl|
≤ 1
2p1+1
× 2p1+1 × |1− ωl||z − ωl| ≤ 1×
1
1− ε0/4 ,
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and this proves the lemma in this case.
Now let assume that |z − ωl| ≤ ε20. Since ω2
p1+1
l = 1, notice that for all z 6= 1, ωl,∣∣∣l(N)ωl (z)∣∣∣ = |1/ωl − 1|2p1+1
∣∣∣z2p1+1/ω2p1+1l − 1∣∣∣
|z/ωl − 1/ωl| |z/ωl − 1| =
∣∣∣l(N)1/ωl (z/ωl)∣∣∣ ,
where l
(N)
1/ωl
is associated with 1/ωl (that is still a 2
p1-th root of −1). In addition,
1
ωl
= exp
(
−2l+ 1
2p1
iπ
)
= exp
(
2iπ − 2l+ 1
2p1
iπ
)
= exp
(
2p1+1 − 2l− 1
2p1
iπ
)
= exp
(
2× (2p1 − l − 1) + 1
2p1
iπ
)
= exp
(
2l˜+ 1
2p1
iπ
)
= ωl˜ ,
with l˜ := 2p1 − l− 1. On the other hand,
l˜ = 2p1 − l− 1 ≥ 2p1 − ((1− ε0) 2p1 − 1)− 1 = 2p1 − 2p1 + ε02p1 + 1− 1 = ε02p1
and
l˜ = 2p1 − l − 1 ≤ 2p1 − ε02p1 − 1 = (1− ε0) 2p1 − 1 ,
i.e. the integer l˜ associated with ωl˜ = 1/ωl satisfies the same conditions as l. Since
|z/ωl − 1| = |z − ωl| ≤ ε20, one can apply the previous case with l(N)1/ωl = l
(N)
ω
l˜
, 1/ωl =
ωl˜, l˜ and z/ωl to get∣∣∣l(N)ωl (z)∣∣∣ = ∣∣∣l(N)1/ωl (z/ωl)∣∣∣ = ∣∣∣l(N)ωl˜ (z/ωl)∣∣∣ ≤ 11− ε0/4 ,
and this proves the lemma in the second case. √
Remark 5.1. We can numerically check that 1 and ωl are almost the maxima of∣∣∣l(N)ωl ∣∣∣ on D. It follows that the estimate from the above lemma may hold in the
whole disk, as confirmed by the following result.
Lemma 21. Let fix ε0 > 0 small enough. Then there is P1 (ε0) ≥ 1 (that only de-
pends on ε0) such that, for all p1 ≥ P1 (ε0) and all l with ε02p1 ≤ l ≤ (1− ε0) 2p1−1,
one has ∥∥∥l(N)ωl ∥∥∥
D
≤ 1
1− ε0/4 .
Proof. Let fix any z ∈ C with |z| ≤ 1. If |z − 1| ≥ ε20 and |z − ωl| ≥ ε20, then in
particular z 6= 1, ωl, and one has that (since |ωl| = 1 and |z| ≤ 1)∣∣∣l(N)ωl (z)∣∣∣ = |1− ωl|2p1+1
∣∣∣z2p1+1 − 1∣∣∣
|z − 1| |z − ωl| ≤
2
2p1+1
1 + 1
ε20 × ε20
=
2
2p1ε40
.
Since limp1→+∞
2
2p1ε40
= 0, there is P1 (ε0) ≥ 1 such that 2
2p1ε40
≤ 1 for all p1 ≥
P1 (ε0), then ∣∣∣l(N)ωl (z)∣∣∣ ≤ 22p1ε40 ≤ 1 ≤ 11− ε0/4 .
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Otherwise, |z − 1| ≤ ε20 or |z − ωl| ≤ ε20 thus, Lemma 20 yields for all p1 ≥ 1
(then for all p1 ≥ P1 (ε0) in particular),∣∣∣l(N)ωl (z)∣∣∣ ≤ 11− ε0/4 ,
and the lemma follows. √
5.2. Proof of Theorem 5 for the first half of the l
(N)
k ’s. In this subsection,
we give a proof of the theorem in the special case of the l
(N)
k ’s for k = 1, . . . , 2
p1 .
We begin with the following preliminar property for polynomials.
Lemma 22. For all m ≥ 0, one has
(X − Y )
m∏
j=0
(
X2
j
+ Y 2
j
)
= X2
m+1 − Y 2m+1 .
Proof. The proof is by induction on m ≥ 0. For m = 0, one has that
(X − Y )
0∏
j=0
(
X2
j
+ Y 2
j
)
= (X − Y )
(
X2
0
+ Y 2
0
)
= (X − Y )(X + Y ) = X21 − Y 21 .
Now if m ≥ 0, then the induction hypothesis yields
(X − Y )
m+1∏
j=0
(
X2
j
+ Y 2
j
)
= (X − Y )
m∏
j=0
(
X2
j
+ Y 2
j
)
×
(
X2
m+1
+ Y 2
m+1
)
=
(
X2
m+1 − Y 2m+1
)
×
(
X2
m+1
+ Y 2
m+1
)
=
(
X2
m+1
)2
−
(
Y 2
m+1
)2
= X2
m+2 − Y 2m+2 ,
and the induction is achieved. √
The following lemma gives the link between the l
(N)
k ’s and the l
(N)
ωl ’s introduced
at the beginning of this section.
Lemma 23. Let LN be a N -Leja section for the unit disk (that starts at 1). For
all k = 1, . . . , 2p1 , let l
(N)
k be the FLIP associated with zk ∈ LN (that is a 2p1-th
root of the unity since it belongs to Ω2p1 ). Then there is l(k) with 0 ≤ l(k) ≤ 2p1−1
such that ∥∥∥l(N)k ∥∥∥
D
=
∥∥∥l(N)ωl(k)∥∥∥
D
, with ωl(k) = exp
(
2l(k) + 1
2p1
iπ
)
.
In addition, the correspondence
k, 1 ≤ k ≤ 2p1 7→ l(k), 0 ≤ l(k) ≤ 2p1 − 1 ,
is well-defined and one-to-one.
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Proof. First, we know by Lemma 3 that there is ω a 2p1 -th root of −1 (we designate
it by ω instead of ω0 to not confuse it with the notation from (5.4) for l = 0) such
that for all z 6= zk, ω (by also recalling (5.3) ),∣∣∣l(N)k (z)∣∣∣ = 12p1
∣∣z2p1 − 1∣∣
|z − zk| ×
n∏
q=2
∣∣z2pq + ω2pq ∣∣∣∣z2pqk + ω2pq ∣∣
=
1
2p1
∣∣z2p1 + ω2p1 ∣∣
|z − zk| ×
p1+1∏
q=2
∣∣∣z2p1−q+1 + ω2p1−q+1 ∣∣∣∣∣z2p1−q+1k + ω2p1−q+1 ∣∣
=
1
2p1
∣∣z2p1 + ω2p1 ∣∣
|z − zk| ×
p1−1∏
q=0
∣∣z2q + ω2q ∣∣
|z2qk + ω2q |
.
Now successive applications of Lemma 22 give (we remind that zk is a 2
p1-th root
of the unity, and since ω is a 2p1-th root of −1, then it is a 2p1+1-th root of the
unity)
p1−1∏
q=0
∣∣∣z2qk + ω2q ∣∣∣ = |zk − ω| ×∏p1−1q=0
∣∣z2qk + ω2q ∣∣
|zk − ω| =
∣∣z2p1k − ω2p1 ∣∣
|zk − ω| =
2
|zk − ω|
(notice that we cannot have zk = ω since ω /∈ Ω2p1 ∋ zk), and for all z 6= ω,∣∣∣z2p1 + ω2p1 ∣∣∣× p1−1∏
q=0
∣∣∣z2q + ω2q ∣∣∣ = |z − ω| ×∏p1q=0 ∣∣z2q + ω2q ∣∣|z − ω|
=
∣∣∣z2p1+1 − ω2p1+1∣∣∣
|z − ω| =
∣∣∣z2p1+1 − 1∣∣∣
|z − ω| .
It follows that for all z 6= zk, ω,∣∣∣l(N)k (z)∣∣∣ = 12p1 × 1|z − zk| ×
∣∣∣z2p1+1 − 1∣∣∣
|z − ω| ×
|zk − ω|
2
=
|1− ω/zk|
2p1+1
∣∣∣(z/zk)2p1+1 − 1∣∣∣
|z/zk − 1| |z/zk − ω/zk| =
∣∣∣l(N)ω/zk (z/zk)∣∣∣
by (5.5) (and because z2
p1+1
k = 1
2 = 1). ω/zk being still a 2
p1-th root of −1, there
is l(k) with 0 ≤ l(k) ≤ 2p1 − 1 such that ω/zk = ωl(k). In particular,
sup
|z|≤1
∣∣∣l(N)k (z)∣∣∣ = sup
|z|≤1
∣∣∣l(N)ω/zk (z/zk)∣∣∣ = ∥∥∥l(N)ω/zk∥∥∥
D
,
and this proves the first assertion.
In order to prove the other one, we first remind from Remark 2.1 that ω is any of
the 2pn different choices for zN+1. Here by (5.3), pn = 0 and N + 1 = 2
p1+1, then
ω is the only possible choice for zN+1 and LN ∪{ω} = LN+1 = L2p1+1 = Ω2p1+1 by
Theorem 5 from [4] (the equality being meant as sets). In particular, the uniqueness
of ω implies that for any ωl, there is at most one zk such that ωl = ω/zk. This
proves that the application k 7→ l(k) is injective and the one-to-one correspondence
follows because card {k, 1 ≤ k ≤ 2p1} = 2p1 = card{l, 0 ≤ l ≤ 2p1 − 1}. √
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Now we can prove a special case of Theorem 5 for the first half of the l
(N)
k ’s, i.e.
for k = 1, . . . , 2p1 .
Lemma 24. Let fix ε0 > 0 small enough. Then there is P1 (ε0) ≥ 1 large enough
such that for all p1 ≥ P1 (ε0), one has
1
2p1
2p1∑
k=1
∥∥∥l(N)k ∥∥∥
D
≤ 2π exp(3π)
(
ε0 +
1
2p1
)
+
1− 2ε0
1− ε0/4 .
Proof. First, we know by Lemma 23 that
2p1∑
k=1
∥∥∥l(N)k ∥∥∥
D
=
2p1∑
k=1
∥∥∥l(N)ωl(k)∥∥∥
D
=
2p1−1∑
l=0
∥∥∥l(N)ωl ∥∥∥
D
.
Next, an application of Lemma 21 gives P1 (ε0) ≥ 1 such that for all p1 ≥ P1 (ε0),
2p1−1∑
l=0
∥∥∥l(N)ωl ∥∥∥
D
=
 ∑
0≤l<ε02p1
+
∑
ε02p1≤l≤(1−ε0)2p1−1
+
∑
(1−ε0)2p1−1<l≤2p1−1
∥∥∥l(N)ωl ∥∥∥
D
≤ (ε02p1 + 1)× π exp(3π) + (1− 2ε0) 2
p1
1− ε0/4 + (ε02
p1 + 1)× π exp(3π) ,
the other estimates being applications of Theorem 1. Hence
1
2p1
2p1∑
k=1
∥∥∥l(N)k ∥∥∥
D
≤ 1
2p1
[
2π exp(3π)× (ε02p1 + 1) + (1− 2ε0) 2
p1
1− ε0/4
]
= 2π exp(3π)
(
ε0 +
1
2p1
)
+
1− 2ε0
1− ε0/4 ,
and the lemma is proved. √
Remark 5.2. We could have used in the proof the sharper estimate from Proposi-
tion 2 below in order to replace the bound π exp(3π) with 2 (since N = 2p1+1− 1).
However, we will see that it is useless for the proof of Theorem 5.
5.3. Proof of Theorem 5. In order to give the proof, we first want to begin with
a preliminar result in which we deal with the FLIPs l
(N)
k for k = 2
p1 + 1, . . . , N .
Lemma 25. Let LN be any N -Leja section for the unit disk that starts at z1 = 1.
For all k = 1, . . . , N , one has∥∥∥l(N)k ∥∥∥
D
≤
∥∥∥l˜(2q−1)k′ ∥∥∥
D
,
where 1 ≤ q ≤ p1 + 1, 1 ≤ k′ ≤ 2q−1 and l˜(2
q−1)
k′ is the FLIP associated with
z˜k′ ∈ L˜2q−1 and L˜2q−1 is a (2q − 1)-Leja section that also starts at z˜1 = 1.
In addition, the correspondence between k and (q, k′) is one-to-one: more pre-
cisely the application defined by{
k , 1 ≤ k ≤ 2p1 7→ (p1 + 1, k) , 1 ≤ k ≤ 2p1 ,
k, 2p1 + 1 ≤ k ≤ N 7→ (q, k′) , 1 ≤ q ≤ p1 , 1 ≤ k′ ≤ 2q−1 ,
(5.6)
is well-defined and is a one-to-one correspondence.
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Proof. The proof is by induction on p1 ≥ 0 where N = 2p1+1 − 1. If p1 = 0,
then LN = L2p1+1−1 = L1 = {z1} = {1}. Necessarily, k = 1 and the lemma is
obvious by taking q = 1, the same 1-Leja section L1 = {1} and k′ = k = 1 (and
the correspondence (5.6) is of course well-defined and one-to-one).
Now let be p1 ≥ 1. First, if 1 ≤ k ≤ 2p1 , then we take q = p1 + 1, the same
N -Leja section LN and k′ = k. In addition, the application
k, 1 ≤ k ≤ 2p1 7→ (p1 + 1, k), 1 ≤ k ≤ 2(p1+1)−1 ,(5.7)
is obviously well-defined and is a one-to-one correspondence.
Otherwise, 2p1 + 1 ≤ k ≤ N , then an application of Lemma 18 yields∥∥∥l(N)k ∥∥∥
D
≤
∥∥∥l˜(N−2p1)k′ ∥∥∥
D
,(5.8)
where l˜
(N−2p1)
k′ is the FLIP associated with z˜k′ ∈ L˜N−2p1 and L˜N−2p1 is an (N − 2p1)-
Leja section that also starts at z˜1 = 1. In addition, the application
k, 2p1 + 1 ≤ k ≤ N 7→ k′, 1 ≤ k′ ≤ N − 2p1 ,(5.9)
is well-defined and is a one-to-one correspondence.
Since N − 2p1 = 2p1+1 − 1− 2p1 = 2p1 − 1, the induction hypothesis applied to
p1 − 1 and the (2p1 − 1)-Leja section L˜2p1−1, leads to∥∥∥l˜(N−2p1)k′ ∥∥∥
D
≤
∥∥∥∥˜l˜ (2q−1)k′′ ∥∥∥∥
D
,(5.10)
where 1 ≤ q ≤ p1 ≤ p1 + 1, 1 ≤ k′ ≤ 2q−1 and ˜˜l (2q−1)k′′ is the FLIP associated
with z˜k′ ∈ ˜˜L 2q−1, where ˜˜L 2q−1 is a (2q − 1)-Leja section that starts at ˜˜z1 = 1.
Moreover, the application defined by
k, 1 ≤ k′ ≤ 2p1 − 1 7→ (q, k′′) , 1 ≤ q ≤ (p1 − 1) + 1 , 1 ≤ k′′ ≤ 2q−1 ,(5.11)
is well-defined and is a one-to-one correspondence, then so is the following one by
composition of (5.9) and (5.11):
k, 2p1 + 1 ≤ k ≤ N 7→ (q, k′′) , 1 ≤ q ≤ p1 , 1 ≤ k′′ ≤ 2q−1 .(5.12)
Finally, the partial applications (5.7) and (5.12) yield (5.6). On the other hand,
the estimates (5.8) and (5.10) achieve the induction and the proof of the lemma.√
As a first consequence, we have the following improvement for the bound of l
(N)
k
in Theorem 1.
Proposition 2. One has for the special case of N = 2p1+1 − 1 that
4
π
(1 + ε(1/N)) ≤ max
1≤k≤N
∥∥∥l(N)k ∥∥∥
D
≤ 2
where limN→+∞ ε(1/N) = 0. In addition, ε(1/N) can be chosen so that for all
N ≥ 3,
4
π
(1 + ε(1/N)) > 1 .(5.13)
Of course, it can be numerically checked that the upper bound is not optimal:
except for exceptional values of k, the bound of l
(N)
k is almost 1. On the other
hand, the lower bound is reached only for some of these exceptional values of k.
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Proof. First, we can wlog assume that the Leja sequence L starts at z1 = 1.
We begin with the upper bound. The proof is by induction on p1 ≥ 0. If p1 = 0,
i.e. N = 2p1+1 − 1 = 1, then necessarily k = 1 and the estimate is obvious since∥∥∥l(1)1 ∥∥∥
D
= ‖1‖
D
= 1.
If p1 ≥ 1 and N = 2p1+1 − 1, then Lemma 18 and the induction hypothesis
applied to 2(p1−1)+1 − 1 = 2p1+1 − 2p1 − 1 = N − 2p1 , yield
max
2p1+1≤k≤N
∥∥∥l(N)k ∥∥∥
D
≤ max
1≤k′≤N−2p1
∥∥∥l˜(N−2p1)k′ ∥∥∥
D
= max
1≤k′≤2p1−1
∥∥∥l˜(2p1−1)k′ ∥∥∥
D
≤ 2 .(5.14)
On the other hand, one has by Lemma 23 that
max
1≤k≤2p1
∥∥∥l(N)k ∥∥∥
D
= max
1≤k≤2p1
∥∥∥l(N)ωl(k)∥∥∥
D
= max
0≤l≤2p1−1
∥∥∥l(N)ωl ∥∥∥
D
.(5.15)
Now for all l = 0, . . . , 2p1 − 1 and all z ∈ D with z 6= 1, ωl, one has by (5.5) that
∣∣∣l(N)ωl (z)∣∣∣ = |1− ωl|2p1+1 ×
∣∣∣z2p1+1 − 1∣∣∣
|z − 1| |z − ωl| ≤
|1− z|+ |z − ωl|
2p1+1
×
∣∣z2p1 − 1∣∣ ∣∣z2p1 + 1∣∣
|z − 1| |z − ωl|
=
1
2p1+1
∣∣z2p1 − 1∣∣ ∣∣z2p1 + 1∣∣
|z − ωl| +
1
2p1+1
∣∣z2p1 − 1∣∣ ∣∣z2p1 + 1∣∣
|z − 1|
≤ 1
2p1+1
(1 + 1)
∣∣z2p1 + 1∣∣
|z − ωl| +
1
2p1+1
∣∣z2p1 − 1∣∣ (1 + 1)
|z − 1|
=
1
2p1
∣∣z2p1 − ω2p1l ∣∣
|z − ωl| +
1
2p1
∣∣z2p1 − 1∣∣
|z − 1| =
1
2p1
∣∣(z/ωl)2p1 − 1∣∣
|z/ωl − 1| +
1
2p1
∣∣z2p1 − 1∣∣
|z − 1| ,
since ωl is a 2
p1-th root of −1. The symmetry of the unit disk and Lemma 1 yield∥∥∥∥ 12p1 (z/ωl)2
p1 − 1
z/ωl − 1
∥∥∥∥
D
=
∥∥∥∥ 12p1 z2
p1 − 1
z − 1
∥∥∥∥
D
=
∥∥∥l(2p1)1 ∥∥∥
D
= 1 .
It follows that∥∥∥l(N)ωl ∥∥∥
D
≤
∥∥∥∥ 12p1 (z/ωl)2
p1 − 1
z/ωl − 1
∥∥∥∥
D
+
∥∥∥∥ 12p1 z2
p1 − 1
z − 1
∥∥∥∥
D
= 2 ,
and (5.15) becomes
max
1≤k≤2p1
∥∥∥l(N)k ∥∥∥
D
= max
0≤l≤2p1−1
∥∥∥l(N)ωl ∥∥∥
D
≤ 2 .(5.16)
Finally, (5.14) and (5.16) prove the induction.
In order to prove the lower bound, we first have by (5.15) that for all N ≥ 1,
max
1≤k≤N
∥∥∥l(N)k ∥∥∥
D
≥ max
1≤k≤2p1
∥∥∥l(N)k ∥∥∥
D
= max
0≤l≤2p1−1
∥∥∥l(N)ωl ∥∥∥
D
≥
∥∥∥l(N)ω0 ∥∥∥
D
≥
∣∣∣l(N)ω0 (exp (iπ/2p1+1))∣∣∣ .(5.17)
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On the other hand, one has by (5.4) and (5.5) that
∣∣∣∣l(N)ω0 (exp( iπ2p1+1
))∣∣∣∣ =
∣∣∣∣1− exp( iπ2p1
)∣∣∣∣ × ∣∣∣∣exp(2p1+1 × iπ2p1+1
)
− 1
∣∣∣∣
2p1+1 ×
∣∣∣∣exp( iπ2p1+1
)
− 1
∣∣∣∣× ∣∣∣∣exp( iπ2p1+1
)
− exp
(
iπ
2p1
)∣∣∣∣
=
2 sin
(
π/2p1+1
)× 2
2p1+1 × 2 sin (π/2p1+2)× 2 sin (π/2p1+2)
=
2 sin
(
π/2p1+2
)× cos (π/2p1+2)
2p1+1 sin2 (π/2p1+2)
=
cos
(
π/2p1+2
)
2p1 sin (π/2p1+2)
(5.18)
∼ 1
2p1 × π/2p1+2 −−−−−→p1→+∞
4
π
.(5.19)
Since N → +∞ iff p1 → +∞, it follows that (5.17) and (5.19) lead to
max
1≤k≤N
∥∥∥l(N)k ∥∥∥
D
≥
∣∣∣l(N)ω0 (exp (iπ/2p1+1))∣∣∣ = 4π (1 + ε (1/N)) ,
where limN→+∞ ε(1/N) = 0, and this yields the required lower bound. In addition,
one also has by (5.17), (5.18) and the estimate (2.19) from Lemma 4 that for all
p1 ≥ 1,
max
1≤k≤N
∥∥∥l(N)k ∥∥∥
D
≥ cos
(
π/2p1+2
)
2p1 sin (π/2p1+2)
≥ cos
(
π/2p1+2
)
2p1 × π/2p1+2 ≥
4 cos(π/8)
π
> 1 ,
and this proves (5.13) (since p1 ≥ 1 iff N = 2p1+1−1 ≥ 3) and completes the whole
proof of the proposition. √
Now we can give the proof of Theorem 5.
Proof. First, N = 2p1+1− 1 and LN a N -Leja section being given, by symmetry of
the unit disk, we can wlog assume that LN starts at z1 = 1. Next, let us consider
kN = 1, . . . , N , that satisfies∥∥∥l(N)kN ∥∥∥
D
= max
1≤k≤N
∥∥∥l(N)k ∥∥∥
D
.
We know by Proposition 2 and (5.13) that for all N ≥ 3,∥∥∥l(N)kN ∥∥∥
D
≥ 4
π
(1 + ε(1/N)) > 1 ,
where limN→+∞ ε(1/N) = 0. On the other hand, since for all k = 1, . . . , N ,∥∥∥l(N)k ∥∥∥
D
≥
∣∣∣l(N)k (zk)∣∣∣ = 1, it follows that
N∑
k=1
∥∥∥l(N)k ∥∥∥
D
=
∥∥∥l(N)kN ∥∥∥
D
+
N∑
k=1, k 6=kN
∥∥∥l(N)k ∥∥∥
D
≥ 4
π
(1 + ε(1/N)) +
N∑
k=1, k 6=kN
1
=
4
π
(1 + ε(1/N)) +N − 1 > 1 + (N − 1) = N .(5.20)
In particular, this last estimate yields
lim inf
N→+∞
[
1
N
N∑
k=1
∥∥∥l(N)k ∥∥∥
D
]
≥ 1 .(5.21)
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The essential part of the proof is to deal with the other inequality. We first have
that
1
N
N∑
k=1
∥∥∥l(N)k ∥∥∥
D
=
1
2p1+1 − 1
2p1+1−1∑
k=1
∥∥∥l(N)k ∥∥∥
D
=
2p1
2p1+1 − 1 ×
1
2p1
2p1∑
k=1
∥∥∥l(N)k ∥∥∥
D
+
2p1
2p1+1 − 1 ×
1
2p1
2p1+1−1∑
k=2p1+1
∥∥∥l(N)k ∥∥∥
D
,
then (since N → +∞ iff p1 → +∞)
lim sup
N→+∞
[
1
N
N∑
k=1
∥∥∥l(N)k ∥∥∥
D
]
≤
≤ 1
2
× lim sup
p1→+∞
[
1
2p1
2p1∑
k=1
∥∥∥l(N)k ∥∥∥
D
]
+
1
2
× lim sup
p1→+∞
 1
2p1
2p1+1−1∑
k=2p1+1
∥∥∥l(N)k ∥∥∥
D
 .(5.22)
Now let fix any ε > 0 small enough. On the one hand, by Lemma 24, there is
P1(ε) ≥ 1 such that for all p1 ≥ P1(ε),
1
2p1
2p1∑
k=1
∥∥∥l(N)k ∥∥∥
D
≤ 2π exp(3π)
(
ε+
1
2p1
)
+
1− 2ε
1− ε/4 ,
then
lim sup
p1→+∞
[
1
2p1
2p1∑
k=1
∥∥∥l(N)k ∥∥∥
D
]
≤ 2πε exp(3π) + 1− 2ε
1− ε/4 .(5.23)
On the other hand, the one-to-one correspondence defined by (5.6) from Lemma 25
and the associated estimate lead to
2p1+1−1∑
k=2p1+1
∥∥∥l(N)k ∥∥∥
D
≤
p1∑
q=1
2q−1∑
k′=1
∥∥∥l(2q−1)k′ ∥∥∥
D
=
p1−1∑
q=0
2q × 1
2q
2q∑
k′=1
∥∥∥l(2q+1−1)k′ ∥∥∥
D
.(5.24)
Now for every q with P1(ε) ≤ q ≤ p1 − 1, we can still apply Lemma 24 for the(
2q+1 − 1)-Leja section L˜2q+1−1 (with p1 replaced with q andN = 2p1+1−1 replaced
with 2q+1 − 1) to get
1
2q
2q∑
k′=1
∥∥∥l(2q+1−1)k′ ∥∥∥
D
≤ 2π exp(3π)
(
ε+
1
2q
)
+
1− 2ε
1− ε/4 ,
then
p1−1∑
q=P1(ε)
2q × 1
2q
2q∑
k′=1
∥∥∥l(2q+1−1)k′ ∥∥∥
D
≤
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≤
(
2πε exp(3π) +
1− 2ε
1− ε/4
) p1−1∑
q=P1(ε)
2q + 2π exp(3π)
p1−1∑
q=P1(ε)
1
=
(
2πε exp(3π) +
1− 2ε
1− ε/4
)
2p1 − 2P1(ε)
2− 1 + 2π exp(3π)× (p1 − P1(ε))
≤
(
2πε exp(3π) +
1− 2ε
1− ε/4
)
× 2p1 + 2π exp(3π)× p1 .(5.25)
For all q with 0 ≤ q ≤ P1(ε)− 1, we just have by Theorem 1 that
P1(ε)−1∑
q=0
2q∑
k′=1
∥∥∥l(2q+1−1)k′ ∥∥∥
D
≤
P1(ε)−1∑
q=0
2q∑
k′=1
π exp(3π) = π exp(3π)
P1(ε)−1∑
q=0
2q
= π exp(3π)× 2
P1(ε) − 1
2− 1 ≤ π exp(3π)× 2
P1(ε) .(5.26)
It follows that (5.24), (5.25) and (5.26) together yield
2p1+1−1∑
k=2p1+1
∥∥∥l(N)k ∥∥∥
D
≤
P1(ε)−1∑
q=0
2q∑
k′=1
∥∥∥l(2q+1−1)k′ ∥∥∥
D
+
p1−1∑
q=P1(ε)
2q × 1
2q
2q∑
k′=1
∥∥∥l(2q+1−1)k′ ∥∥∥
D
≤ π exp(3π) 2P1(ε) +
(
2πε exp(3π) +
1− 2ε
1− ε/4
)
2p1 + 2π exp(3π) p1
thus,
lim sup
p1→+∞
 1
2p1
2p1+1−1∑
k=2p1+1
∥∥∥l(N)k ∥∥∥
D
 ≤
≤ 2πε exp(3π) + 1− 2ε
1− ε/4 + limp1→+∞
(
π exp(3π) 2P1(ε)
2p1
+ 2π exp(3π)
p1
2p1
)
= 2πε exp(3π) +
1− 2ε
1− ε/4 .(5.27)
Finally, the estimates (5.22), (5.23) and (5.27) together yield
lim sup
N→+∞
[
1
N
N∑
k=1
∥∥∥l(N)k ∥∥∥
D
]
≤ 1
2
(
2πε exp(3π) +
1− 2ε
1− ε/4
)
+
1
2
(
2πε exp(3π) +
1− 2ε
1− ε/4
)
= 2πε exp(3π) +
1− 2ε
1− ε/4 ,
and ε > 0 being arbitrary, we can deduce that
lim sup
N→+∞
[
1
N
N∑
k=1
∥∥∥l(N)k ∥∥∥
D
]
≤ lim
ε→0, ε>0
(
2πε exp(3π) +
1− 2ε
1− ε/4
)
= 1 .
This last estimate and (5.21) lead to
1 ≤ lim inf
N→+∞
[
1
N
N∑
k=1
∥∥∥l(N)k ∥∥∥
D
]
≤ lim sup
N→+∞
[
1
N
N∑
k=1
∥∥∥l(N)k ∥∥∥
D
]
≤ 1
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and this proves (5.1). In addition, this leads with (5.20) for all N ≥ 3 to
N <
N∑
k=1
∥∥∥l(N)k ∥∥∥
D
= N (1 + ε(1/N)) ,
and this proves (5.2) and completes the whole proof of the theorem (since N =
2p1+1 − 1 ≥ 3 iff p1 + 1 ≥ 2). √
6. On the case of compact sets with Alper-smooth Jordan boundary
In this part we deal with the case of a compact set K whose boundary is an
Alper-smooth Jordan curve, and Φ denotes the exterior conformal mapping from
C \ D onto C \ K. We remind that Γ = ∂K is an Alper-smooth Jordan curve if
the modulus of continuity ω of the angle θ(s) between the tangent at Γ(s) and the
positive real axis (where s is the arc-length parameter), satisfies (see [15] for the
terminology) ∫ h
0
ω(x)
x
|lnx| dx < ∞ .
In particular, twice continuously differentiable Jordan curves are Alper-smooth.
We can then give the proof of Theorem 2. We first remind the following result
that is Lemma 3 from [4].
Lemma 26. Let K be a compact set whose boundary is an Alper-smooth Jordan
curve. Let Φ be the conformal mapping of the exterior of the unit disk on the
interior of K. Lastly, let (aj)j≥0 be a Leja sequence for the unit disk with |a0| = 1.
Then for any z on the unit disk and n ∈ N∗, we have
C(K)n
cn
≤
∣∣∣∣∣∣
n−1∏
j=0
Φ(z)− Φ(aj)
z − aj
∣∣∣∣∣∣ ≤ C(K)ncn ,(6.1)
where C(K) is the logarithmic capacity of K, cn ≤ (n+1)A/ ln(2) and A is a positive
constant depending only on K.
We also remind an important property of Φ, that can be found in [1, Sections 1
and 2] or [2, Eq. (3) p. 45]. There exist positive constants M1 and M2 such that
for all z, w in the unit circle with z 6= w,
M1 ≤
∣∣∣∣Φ(z)− Φ(w)z − w
∣∣∣∣ ≤ M2 .(6.2)
Now we can give the proof of Theorem 2.
Proof. First, it is sufficient to prove that for all N ≥ 1, p = 1, . . . , N and z on the
unit circle, we have∣∣∣∣∣∣
N∏
j=1,j 6=p
Φ(z)− Φ(ηj)
Φ(ηp)− Φ(ηj)
∣∣∣∣∣∣ ≤ M(N + 1)2A/ ln(2)
∣∣∣∣∣∣
N∏
j=1,j 6=p
z − ηj
ηp − ηj
∣∣∣∣∣∣ ,(6.3)
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where M and A are positive constants depending only on K. Indeed, let fix N ≥ 1
and p = 1, . . . , N . By the maximum modulus principle, we will have that
sup
w∈K
∣∣∣∣∣∣
N∏
j=1,j 6=p
w − Φ(ηj)
Φ(ηp)− Φ(ηj)
∣∣∣∣∣∣ =
∣∣∣∣∣∣
N∏
j=1,j 6=p
w∗ − Φ(ηj)
Φ(ηp)− Φ(ηj)
∣∣∣∣∣∣ ,
where w∗ ∈ ∂K. Let be z∗ in the circle such that Φ (z∗) = w∗. It will follow that
sup
w∈K
∣∣∣∣∣∣
N∏
j=1,j 6=p
w − Φ(ηj)
Φ(ηp)− Φ(ηj)
∣∣∣∣∣∣ =
∣∣∣∣∣∣
N∏
j=1,j 6=p
Φ (z∗)− Φ(ηj)
Φ(ηp)− Φ(ηj)
∣∣∣∣∣∣
≤ M(N + 1)2A/ ln(2)
∣∣∣∣∣∣
N∏
j=1,j 6=p
z∗ − ηj
ηp − ηj
∣∣∣∣∣∣
≤ π exp(3π)M(N + 1)2A/ ln(2) ,
the last inequality being an application of Theorem 1 (since (ηj)j≥1 is a Leja se-
quence for the unit disk with |η1| = 1).
In order to prove (6.3), we use the same method as for the proof of Theorem 13
from [9]. We can assume that N ≥ 2 (otherwise, the required estimate is obvious),
we fix an N -Leja section for the unit disk and consider z on the unit circle with
z 6= ηj , ∀ j = 1, . . . , N . One has for all p = 1, . . . , N ,∣∣∣∣∣∣
N∏
j=1,j 6=p
Φ(z)− Φ(ηj)
z − ηj
∣∣∣∣∣∣ =
∣∣∣∣ z − ηpΦ(z)− Φ(ηp)
∣∣∣∣
∣∣∣∣∣∣
N∏
j=1
Φ(z)− Φ(ηj)
z − ηj
∣∣∣∣∣∣
=
∣∣∣∣ z − ηpΦ(z)− Φ(ηp)
∣∣∣∣
∣∣∣∣∣∣
N−1∏
j=0
Φ(z)− Φ(ηj+1)
z − ηj+1
∣∣∣∣∣∣ .
On the one hand, an application of (6.2) with w = ηp, and on the other hand
an application of (6.1) with the N -Leja section {aj}0≤j≤N−1 = {ηj+1}0≤j≤N−1,
together give that
C(K)N
M2 cN
≤
∣∣∣∣∣∣
N∏
j=1,j 6=p
Φ(z)− Φ(ηj)
z − ηj
∣∣∣∣∣∣ ≤ C(K)
NcN
M1
.
In particular, these estimates remain true for z = ηp by continuity, and lead to
∏N
j=1,j 6=p |Φ(z)− Φ (ηj)| ≤
C(K)NcN
M1
∏N
j=1,j 6=p |z − ηj | ,∏N
j=1,j 6=p |Φ (ηp)− Φ (ηj)| ≥
C(K)N
M2 cN
∏N
j=1,j 6=p |ηp − ηj | .
It follows that∣∣∣∣∣∣
N∏
j=1,j 6=p
Φ(z)− Φ(ηj)
Φ(ηp)− Φ(ηj)
∣∣∣∣∣∣ ≤ M2 c
2
N
M1
∣∣∣∣∣∣
N∏
j=1,j 6=p
z − ηj
ηp − ηj
∣∣∣∣∣∣ .(6.4)
Lastly, by continuity (and since cN ≤ (N + 1)A/ ln(2)), the above inequality holds
for every z on the unit circle and yields the required estimate (6.3). √
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7. Applications in multivariate Lagrange interpolation
7.1. An explicit formula of the Lagrange polynomials for intertwining se-
quences. For any givenN ≥ 1, we remind from Subsection 1.4 of the Introduction,
the numbers n and m with 0 ≤ m ≤ n, the space Pn,m that is the linear subspace
of Pn spanned by Pn−1 and the monomials zn, zn−1w, . . . , zn−mwm, and the set
ΩN = Ωn,m = {Hk}1≤k≤N = {(η0, θ0) , . . . , (η0, θn−1) , (ηn, θ0) , . . . , (ηn−m, θm)}
(for fixed sequences (ηk)k≥0 and (θl)l≥0 of pairwise distinct elements). We give
the proof of the following result mentioned as Proposition 3 in the Introduction,
and that gives an explicit formula for the bidimensional fundamental Lagrange
polynomials associated with ΩN (FLIPs).
Proposition 3. Let be N ≥ 1 and the associated n, m, Pn,m and ΩN . Then the
multivariate fundamental Lagrange polynomials l
(N)
Hk
exist, i.e. for all k = 1, . . . , N ,
l
(N)
Hk
∈ Pn,m and l(N)Hk (Hl) = δk,l for all l = 1, . . . , N .
In addition, let fix k = 1, . . . , N and let be p, q such that Hk = (ηp, θq). We have
for all (z, w) ∈ C2:
• if p+ q = n, or p+ q = n− 1 and q ≥ m+ 1, then
l
(N)
(ηp,θq)
(z, w) =
p−1∏
j=0
z − ηj
ηp − ηj ×
q−1∏
i=0
w − θi
θq − θi ;(7.1)
• if p+ q = n− 1 and q = m, then
l
(N)
(ηp,θq)
(z, w) = l
(N)
(ηn−m−1,θm)
(z, w)
=
n−m∏
j=0,j 6=n−m−1
z − ηj
ηn−m−1 − ηj ×
m−1∏
i=0
w − θi
θm − θi ;(7.2)
• if p+ q = n− 1 and 0 ≤ q ≤ m− 1, then
l
(N)
(ηp,θq)
(z, w) =(7.3)
=
p+1∏
j=0,j 6=p
z − ηj
ηp − ηj
q−1∏
i=0
w − θi
θq − θi −
p−1∏
j=0
z − ηj
ηp − ηj
q−1∏
i=0
w − θi
θq − θi +
p−1∏
j=0
z − ηj
ηp − ηj
q+1∏
i=0,i6=q
w − θi
θq − θi ;
• if 0 ≤ p+ q ≤ n− 2, 0 ≤ q ≤ m− 1 and 0 ≤ p ≤ n−m− 1, then
l
(N)
(ηp,θq)
(z, w) =(7.4)
=
n−q∏
j=0,j 6=p
z − ηj
ηp − ηj
q−1∏
i=0
w − θi
θq − θi −
n−q−1∏
j=0,j 6=p
z − ηj
ηp − ηj
q−1∏
i=0
w − θi
θq − θi +
n−q−1∏
j=0,j 6=p
z − ηj
ηp − ηj
q+1∏
i=0,i6=q
w − θi
θq − θi
+
m−q−1∑
r=1
n−q−r−1∏
j=0,j 6=p
z − ηj
ηp − ηj
q+r+1∏
i=0,i6=q
w − θi
θq − θi −
n−q−r−1∏
j=0,j 6=p
z − ηj
ηp − ηj
q+r∏
i=0,i6=q
w − θi
θq − θi

+
n−p−q−2∑
r=m−q
n−q−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj
q+r+1∏
i=0,i6=q
w − θi
θq − θi −
n−q−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj
q+r∏
i=0,i6=q
w − θi
θq − θi
 ,
with the convention that
∑
∅ = 0 if q ≥ m− 1 or p ≥ n−m− 1 (similarly,
we set
∏
∅ = 1);
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• if 0 ≤ p+ q ≤ n− 2, 0 ≤ q ≤ m− 1 and p ≥ n−m, then
l
(N)
(ηp,θq)
(z, w) =(7.5)
=
n−q∏
j=0,j 6=p
z − ηj
ηp − ηj
q−1∏
i=0
w − θi
θq − θi −
n−q−1∏
j=0,j 6=p
z − ηj
ηp − ηj
q−1∏
i=0
w − θi
θq − θi +
n−q−1∏
j=0,j 6=p
z − ηj
ηp − ηj
q+1∏
i=0,i6=q
w − θi
θq − θi
+
n−p−q−1∑
r=1
n−q−r−1∏
j=0,j 6=p
z − ηj
ηp − ηj
q+r+1∏
i=0,i6=q
w − θi
θq − θi −
n−q−r−1∏
j=0,j 6=p
z − ηj
ηp − ηj
q+r∏
i=0,i6=q
w − θi
θq − θi
 ;
• if p+ q ≤ n− 2 and q = m, then
l
(N)
(ηp,θq)
(z, w) = l
(N)
(ηp,θm)
(z, w) =(7.6)
=
n−m∏
j=0,j 6=p
z − ηj
ηp − ηj
m−1∏
i=0
w − θi
θm − θi −
n−m−2∏
j=0,j 6=p
z − ηj
ηp − ηj
m−1∏
i=0
w − θi
θm − θi +
n−m−2∏
j=0,j 6=p
z − ηj
ηp − ηj
m+1∏
i=0,i6=m
w − θi
θm − θi
+
n−m−p−2∑
r=1
n−m−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj
m+r+1∏
i=0,i6=m
w − θi
θm − θi −
n−m−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj
m+r∏
i=0,i6=m
w − θi
θm − θi
 ;
• if p+ q ≤ n− 2 and q ≥ m+ 1, then
l
(N)
(ηp,θq)
(z, w) =(7.7)
=
n−q−1∏
j=0,j 6=p
z − ηj
ηp − ηj
q−1∏
i=0
w − θi
θq − θi −
n−q−2∏
j=0,j 6=p
z − ηj
ηp − ηj
q−1∏
i=0
w − θi
θq − θi +
n−q−2∏
j=0,j 6=p
z − ηj
ηp − ηj
q+1∏
i=0,i6=q
w − θi
θq − θi
+
n−p−q−2∑
r=1
n−q−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj
q+r+1∏
i=0,i6=q
w − θi
θq − θi −
n−q−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj
q+r∏
i=0,i6=q
w − θi
θq − θi
 .
The proof of this proposition consists of two steps: the following lemma and the
next corollary.
Lemma 27. For all (ηp, θq) ∈ ΩN , the function that appears in the claimed equal-
ity (7.1) (resp., (7.2), (7.3), (7.4), (7.5), (7.6) and (7.7)) satisfies the required
properties for a FLIP l
(N)
(ηp,θq)
, i.e.:
(1) l
(N)
(ηp,θq)
∈ Pn,m ;
(2) l
(N)
(ηp,θq)
(ηk, θl) = δp,k δq,l ∀ (ηk, θl) ∈ ΩN .
Proof. First, all the involved polynomials are well-defined since the ηj ’s (resp., θi’s)
are supposed to be pairwise distinct.
Proof of (7.4): we deal with the case p+q ≤ n−2, 0 ≤ q ≤ m−1 and p ≤ n−m−1.
We begin with part (1) in the statement of the lemma: we want to prove that the
involved polynomial belongs to Pn,m, i.e. it has total degree at most n, and the
terms whose total degree equals n must have partial degree at most m with respect
to the second variable w. Here, all the involved products have total degree at most
n. Next, one has degw
(∏n−q
j=0,j 6=p
z − ηj
ηp − ηj
∏q−1
i=0
w − θi
θq − θi
)
= q ≤ m − 1. Similarly,
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degw
(∏n−q−1
j=0,j 6=p
z − ηj
ηp − ηj
∏q+1
i=0
w − θi
θq − θi
)
= q+1 ≤ m, and for all r = 1, . . . ,m−q−1
(in case m ≥ q + 2),
degw
(∏n−q−r−1
j=0,j 6=p
z − ηj
ηp − ηj
∏q+r+1
i=0
w − θi
θq − θi
)
= q + r + 1 ≤ m. All the remaining
products have total degree at most n− 1, then this proves (1).
Now we prove part (2) in the statement of the lemma. First, one has n − q >
n−q−1 ≥ p+1 > p. On the other hand, for all r = 1, . . . ,m−q−1 (in casem−q ≥ 2,
otherwise the associated sum does not even appear), one has n−q−r−1 ≥ n−m ≥
p+1 > p. Similarly, for all r = m− q, . . . , n−p− q− 2 (in case p ≤ n−m− 2), one
has n− q − r− 2 ≥ p > p− 1. It follows that the expression in (7.4) is divisible by∏p−1
j=0
z − ηj
ηp − ηj . We similarly check that it is also divisible by
∏q−1
i=0
w − θi
θq − θi . Then
it cancels all the points (ηk, θl) with 0 ≤ k ≤ p − 1 or 0 ≤ l ≤ q − 1. Thus in the
following, it is sufficient to check (2) for (z, w) = (ηk, θl) ∈ ΩN with k ≥ p and
l ≥ q.
Next, if we fix z = ηp, the expression in (7.4) gives
1×
q−1∏
i=0
w − θi
θq − θi − 1×
q−1∏
i=0
w − θi
θq − θi + 1×
q+1∏
i=0,i6=q
w − θi
θq − θi
+
m−q−1∑
r=1
1× q+r+1∏
i=0,i6=q
w − θi
θq − θi − 1×
q+r∏
i=0,i6=q
w − θi
θq − θi

+
n−p−q−2∑
r=m−q
1× q+r+1∏
i=0,i6=q
w − θi
θq − θi − 1×
q+r∏
i=0,i6=q
w − θi
θq − θi
 =
=
q+1∏
i=0,i6=q
w − θi
θq − θi +
m∏
i=0,i6=q
w − θi
θq − θi −
q+1∏
i=0,i6=q
w − θi
θq − θi +
n−p−1∏
i=0,i6=q
w − θi
θq − θi −
m∏
i=0,i6=q
w − θi
θq − θi
=
n−p−1∏
i=0,i6=q
w − θi
θq − θi
(notice that the above equalities hold if q = m− 1 or p = n−m− 1). We first get
1 for w = θq. If w = θl with l ≥ q+1 and p+ l ≤ n− 1, then q+ 1 ≤ l ≤ n− p− 1
and the above product vanishes. Lastly, if w = θl with p+ l = n, necessarily l ≤ m,
i.e. n− p = l ≤ m. This is impossible since p ≤ n−m− 1 by assumption.
Now if we fix w = θq in (7.4), we get
n−q∏
j=0,j 6=p
z − ηj
ηp − ηj × 1−
n−q−1∏
j=0,j 6=p
z − ηj
ηp − ηj × 1 +
n−q−1∏
j=0,j 6=p
z − ηj
ηp − ηj × 1
+
m−q−1∑
r=1
n−q−r−1∏
j=0,j 6=p
z − ηj
ηp − ηj × 1−
n−q−r−1∏
j=0,j 6=p
z − ηj
ηp − ηj × 1

+
n−p−q−2∑
r=m−q
n−q−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj × 1−
n−q−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj × 1
 = n−q∏
j=0,j 6=p
z − ηj
ηp − ηj .
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Again, we get 1 if z = ηp. If z = ηk with k ≥ p + 1 and k + q ≤ n, then
p+ 1 ≤ k ≤ n− q and the above product vanishes.
The remaining case is the one for which (z, w) = (ηk, θl) ∈ ΩN with k ≥ p + 1
and l ≥ q+1. Since k+ l ≤ n, one has k ≤ n− l ≤ n− q− 1 (with k ≥ p+1), then∏n−q−1
j=0,j 6=p
ηk − ηj
ηp − ηj = 0 and the first three terms in (7.4) vanish. Next, let be r with
1 ≤ r ≤ m− q − 1 (we can assume m− q ≥ 2, otherwise the first sum disappears).
If k ≤ n − q − r − 1, then ∏n−q−r−1j=0,j 6=p ηk − ηjηp − ηj = 0 (since k ≥ p + 1). Otherwise,
k ≥ n− q− r then l ≤ n− k ≤ q+ r (with l ≥ q + 1), and ∏q+ri=0,i6=q θl − θiθq − θi = 0. It
follows that the first sum in (7.4) vanishes.
Lastly, let be r with m − q ≤ r ≤ n− p − q − 2 (similarly, we can assume that
n− p− 2 ≥ m). If k ≤ n− q− r− 2 (with k ≥ p+1), then ∏n−q−r−2j=0,j 6=p ηk − ηjηp − ηj = 0.
Otherwise, k ≥ n − q − r − 1. If k + l ≤ n − 1, then l ≤ n − k − 1 ≤ q + r
(with l ≥ q + 1) and ∏q+ri=0,i6=q θl − θiθq − θi = 0; otherwise, k + l = n then necessarily
l ≤ m ≤ q + r (since r ≥ m− q) and one still has ∏q+ri=0,i6=q θl − θiθq − θi = 0. It follows
that the second sum in (7.4) vanishes and this completes the proof of (7.4).
Proof of (7.5): now we assume that p+q ≤ n−2, q ≤ m−1 and p ≥ n−m. We be-
gin with the proof of (1). All the involved products have total degree at most n, and
degw
(∏n−q
j=0,j 6=p
z − ηj
ηp − ηj
∏q−1
i=0
w − θi
θq − θi
)
= q ≤ m−1,degw
(∏n−q−1
j=0,j 6=p
z − ηj
ηp − ηj
∏q+1
i=0
w − θi
θq − θi
)
=
q+1 ≤ m, and for all r = 1, . . . , n−p−q−1, degw
(∏n−q−r−1
j=0,j 6=p
z − ηj
ηp − ηj
∏q+r+1
i=0
w − θi
θq − θi
)
=
q+ r+1 ≤ n− p ≤ m. All the remaining products have total degree at most n− 1,
then this proves (1).
For the proof of (2), we first have n − q > n − q − 1 ≥ p + 1 > p. On the
other hand, for all r = 1, . . . , n − p − q − 1, one has n − q − r − 1 ≥ p, then the
expression in (7.5) is divisible by
∏p−1
j=0
z − ηj
ηp − ηj . We also see that it is divisible
by
∏q−1
i=0
w − θi
θq − θi . Thus it cancels all the points (ηk, θl) with 0 ≤ k ≤ p − 1 or
0 ≤ l ≤ q − 1.
Next, if we fix z = ηp, the expression in (7.5) gives
1×
q−1∏
i=0
w − θi
θq − θi − 1×
q−1∏
i=0
w − θi
θq − θi + 1×
q+1∏
i=0,i6=q
w − θi
θq − θi
+
n−p−q−1∑
r=1
1× q+r+1∏
i=0,i6=q
w − θi
θq − θi − 1×
q+r∏
i=0,i6=q
w − θi
θq − θi
 =
=
q+1∏
i=0,i6=q
w − θi
θq − θi +
n−p∏
i=0,i6=q
w − θi
θq − θi −
q+1∏
i=0,i6=q
w − θi
θq − θi =
n−p∏
i=0,i6=q
w − θi
θq − θi .
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We first get 1 for w = θq. If w = θl then p+ l ≤ n, i.e. l ≤ n− p (with l ≥ q + 1)
and the above product vanishes.
Now if we fix w = θq in (7.5), we get
n−q∏
j=0,j 6=p
z − ηj
ηp − ηj × 1−
n−q−1∏
j=0,j 6=p
z − ηj
ηp − ηj × 1 +
n−q−1∏
j=0,j 6=p
z − ηj
ηp − ηj × 1
+
n−p−q−1∑
r=1
n−q−r−1∏
j=0,j 6=p
z − ηj
ηp − ηj × 1−
n−q−r−1∏
j=0,j 6=p
z − ηj
ηp − ηj × 1
 = n−q∏
j=0,j 6=p
z − ηj
ηp − ηj .
Again, we get 1 if z = ηp. If z = ηk with k ≥ p + 1 and k + q ≤ n, then
p+ 1 ≤ k ≤ n− q and the above product vanishes.
The last case that we have to check is the one for which (z, w) = (ηk, θl) ∈ ΩN
with k ≥ p + 1 and l ≥ q + 1. Since k + l ≤ n, one has k ≤ n − l ≤ n − q − 1
(with k ≥ p + 1), then ∏n−q−1j=0,j 6=p ηk − ηjηp − ηj = 0 and the first three terms in (7.5)
vanish. Next, let be r with 1 ≤ r ≤ n − p − q − 1. If k ≤ n − q − r − 1,
then
∏n−q−r−1
j=0,j 6=p
ηk − ηj
ηp − ηj = 0 (since k ≥ p + 1). Otherwise, k ≥ n − q − r then
l ≤ n − k ≤ q + r (with l ≥ q + 1) and ∏q+ri=0,i6=q θl − θiθq − θi = 0. It follows that the
sum in (7.5) vanishes and this completes the proof of (7.5).
Proof of (7.6): in this part we assume that p+q ≤ n−2 and q = m. First, all the
involved products have total degree at most n, and degw
(∏n−m
j=0,j 6=p
z − ηj
ηp − ηj
∏m−1
i=0
w − θi
θm − θi
)
=
m. All the remaining products have total degree at most n−1, and this proves (1).
Now we prove (2). First (since p+m = p+q ≤ n−2), one has n−m > n−m−2 ≥
p. On the other hand, for all r = 1, . . . , n−m− p− 2 (in case n−m− p ≥ 3), one
has n−m−r−2 ≥ p, then the expression in (7.6) is divisible by ∏p−1j=0 z − ηjηp − ηj . We
also see that it is divisible by
∏m−1
i=0
w − θi
θm − θi . Thus it cancels all the points (ηk, θl)
with 0 ≤ k ≤ p− 1 or 0 ≤ l ≤ m− 1.
Next, if we fix z = ηp, the expression in (7.6) gives
1×
m−1∏
i=0
w − θi
θm − θi − 1×
m−1∏
i=0
w − θi
θm − θi + 1×
m+1∏
i=0,i6=m
w − θi
θm − θi
+
n−m−p−2∑
r=1
1× m+r+1∏
i=0,i6=m
w − θi
θm − θi − 1×
m+r∏
i=0,i6=m
w − θi
θm − θi
 =
=
m+1∏
i=0,i6=m
w − θi
θm − θi +
n−p−1∏
i=0,i6=m
w − θi
θm − θi −
m+1∏
i=0,i6=m
w − θi
θm − θi =
n−p−1∏
i=0,i6=m
w − θi
θm − θi
(notice that this equality holds if n−m− p− 2 = 0). We first get 1 for w = θm. If
w = θl then p+l ≤ n, i.e. l ≤ n−p (with l ≥ m+1) and the above product vanishes,
unless l = n − p. But this last case cannot occur since we should have p + l = n
then necessarily l ≤ m, and this would yield n = p+ l ≤ p+m = p+ q ≤ n− 2 < n.
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Now if we fix w = θm in (7.6), we get
n−m∏
j=0,j 6=p
z − ηj
ηp − ηj × 1−
n−m−2∏
j=0,j 6=p
z − ηj
ηp − ηj × 1 +
n−m−2∏
j=0,j 6=p
z − ηj
ηp − ηj × 1
+
n−m−p−2∑
r=1
n−m−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj × 1−
n−m−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj × 1
 = n−m∏
j=0,j 6=p
z − ηj
ηp − ηj .
Again, we get 1 if z = ηp. If z = ηk with k ≥ p + 1 and k + m ≤ n, then
p+ 1 ≤ k ≤ n−m and the above product vanishes.
The remaining case is the one for which (z, w) = (ηk, θl) ∈ ΩN with k ≥ p+1 and
l ≥ m+1. First, one necessarily has that k+l ≤ n−1: indeed, if k+l = n, then l ≤ m
and this is impossible since l ≥ m+1. Thus k ≤ n−l−1 ≤ n−m−2 (with k ≥ p+1),
then
∏n−m−2
j=0,j 6=p
ηk − ηj
ηp − ηj = 0 and the first three terms in (7.6) vanish. Next, let be
r with 1 ≤ r ≤ n −m − p − 2 (we can assume that n −m − p ≥ 3, otherwise the
associated sum does not appear). If k ≤ n−m−r−2, then∏n−m−r−2j=0,j 6=p ηk − ηjηp − ηj = 0
(since k ≥ p+ 1). Otherwise, k ≥ n−m− r − 1 then l ≤ n− k − 1 ≤ m+ r (with
l ≥ m + 1) and ∏m+ri=0,i6=m θl − θiθm − θi = 0. It follows that the sum in (7.6) vanishes
and this completes the proof of (7.6).
Proof of (7.7): now we assume that p+ q ≤ n− 2 and q ≥ m+1. We first notice
that the polynomial that appears in (7.7) belongs to Pn,m since all the involved
products have total degree at most n− 1. This proves (1).
Now we prove (2). First, one has n− q− 1 > n− q− 2 ≥ p. On the other hand,
for all r = 1, . . . , n − p − q − 2 (in case n − p − q ≥ 3, otherwise the sum does
not appear), one has n− q − r − 2 ≥ p, then the expression in (7.7) is divisible by∏p−1
j=0
z − ηj
ηp − ηj . We also see that it is divisible by
∏q−1
i=0
w − θi
θq − θi . Thus it cancels all
the points (ηk, θl) with 0 ≤ k ≤ p− 1 or 0 ≤ l ≤ q − 1.
Next, if we fix z = ηp, the expression in (7.7) gives
1×
q−1∏
i=0
w − θi
θq − θi − 1×
q−1∏
i=0
w − θi
θq − θi + 1×
q+1∏
i=0,i6=q
w − θi
θq − θi
+
n−p−q−2∑
r=1
1× q+r+1∏
i=0,i6=q
w − θi
θq − θi − 1×
q+r∏
i=0,i6=q
w − θi
θq − θi
 =
=
q+1∏
i=0,i6=q
w − θi
θq − θi +
n−p−1∏
i=0,i6=q
w − θi
θq − θi −
q+1∏
i=0,i6=q
w − θi
θq − θi =
n−p−1∏
i=0,i6=q
w − θi
θq − θi .
We first get 1 for w = θq. If w = θl with l ≥ q + 1, necessarily p + l ≤ n − 1
(otherwise, we should have p + l = n then l ≤ m, and this is impossible since
l ≥ q+1 > m+1 > m). Thus l ≤ n− p− 1 (with l ≥ q+1) and the above product
vanishes.
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Now if we fix w = θq in (7.7), we get
n−q−1∏
j=0,j 6=p
z − ηj
ηp − ηj × 1−
n−q−2∏
j=0,j 6=p
z − ηj
ηp − ηj × 1 +
n−q−2∏
j=0,j 6=p
z − ηj
ηp − ηj × 1
+
n−p−q−2∑
r=1
n−q−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj × 1−
n−q−r−2∏
j=0,j 6=p
z − ηj
ηp − ηj × 1
 = n−q−1∏
j=0,j 6=p
z − ηj
ηp − ηj .
Again, we get 1 if z = ηp. If z = ηk with k ≥ p + 1 and k + q ≤ n, necessarily
k+q ≤ n−1 (otherwise, we should have k+q = n then q ≤ m, and this is impossible
since q ≥ m+ 1). Thus p+ 1 ≤ k ≤ n− q − 1 and the above product vanishes.
The last case that we have to check is the one for which (z, w) = (ηk, θl) ∈ ΩN
with k ≥ p+1 and l ≥ q+1. Once again, we necessarily have that k+ l ≤ n−1 since
k+ l = n would yield l ≤ m, and this would contradict that l ≥ q+1 > q ≥ m+1.
Thus k ≤ n− l− 1 ≤ n− q− 2 (with k ≥ p+1), then ∏n−q−2j=0,j 6=p ηk − ηjηp − ηj = 0 and the
first three terms in (7.7) vanish. Next, let be r with 1 ≤ r ≤ n−p−q−2 (once again,
we can assume that n−p−q ≥ 3). If k ≤ n−q−r−2, then ∏n−q−r−2j=0,j 6=p ηk − ηjηp − ηj = 0
(since k ≥ p+ 1). Otherwise, k ≥ n− q − r − 1 then l ≤ n− k − 1 ≤ q + r (with
l ≥ q + 1) and ∏q+ri=0,i6=q θl − θiθq − θi = 0. It follows that the sum in (7.7) vanishes and
this completes the proof of (7.7).
Proof of (7.3): we deal with the case p+q = n−1 and q ≤ m−1. First, all the in-
volved products have total degree at most n, and degw
(∏p+1
j=0,j 6=p
z − ηj
ηp − ηj
∏q−1
i=0
w − θi
θq − θi
)
=
q ≤ m−1, degw
(∏p−1
j=0,j 6=p
z − ηj
ηp − ηj
∏q+1
i=0
w − θi
θq − θi
)
= q+1 ≤ m (the remaining one
having total degree at most n− 1), and this proves (1).
Now we prove (2). First, we see that all the involved products are divisible by∏p−1
j=0
z − ηj
ηp − ηj
∏q−1
i=0
w − θi
θq − θi , then they cancel all the points (ηk, θl) with 0 ≤ k ≤
p− 1 or 0 ≤ l ≤ q − 1.
Next, if we fix z = ηp, the expression (7.3) gives
1×
q−1∏
i=0
w − θi
θq − θi − 1×
q−1∏
i=0
w − θi
θq − θi + 1×
q+1∏
i=0,i6=q
w − θi
θq − θi =
q+1∏
i=0,i6=q
w − θi
θq − θi .
We get 1 for w = θq. If w = θl with l ≥ q+ 1, then l ≤ n− p = q+ 1, i.e. l = q+ 1
and the above product vanishes.
Now if we fix w = θq in (7.3), we get
p+1∏
j=0,j 6=p
z − ηj
ηp − ηj × 1 −
p−1∏
j=0
z − ηj
ηp − ηj × 1 +
p−1∏
j=0
z − ηj
ηp − ηj × 1 =
p+1∏
j=0,j 6=p
z − ηj
ηp − ηj .
We get 1 for z = ηp. If z = ηk with k ≥ p+1, then k ≤ n− q = p+1, i.e. k = p+1
and the above product vanishes.
The remaining case is the one for which (z, w) = (ηk, θl) with k ≥ p + 1 and
l ≥ q + 1. But this yields k + l ≥ p+ q + 2 = n+ 1 > n, and this is impossible.
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Proof of (7.2): we deal with the case p+q = n−1 and q = m (then p = n−m−1).
The polynomial that appears in the expression (7.2) belongs to Pn,m since(∏n−m
j=0,j 6=n−m−1
z − ηj
ηn−m−1 − ηj
∏m−1
i=0
w − θi
θm − θi
)
has total degree n and
degw
(∏n−m
j=0,j 6=n−m−1
z − ηj
ηn−m−1 − ηj
∏m−1
i=0
w − θi
θm − θi
)
= m. This proves (1).
Now we prove (2). First, we have that
∏n−m
j=0,j 6=n−m−1
z − ηj
ηn−m−1 − ηj
∏m−1
i=0
w − θi
θm − θi
is divisible by
∏n−m−2
j=0,j 6=n−m−1
z − ηj
ηn−m−1 − ηj
∏m−1
i=0
w − θi
θm − θi , then it cancels all the
points (ηk, θl) with 0 ≤ k ≤ n−m− 2 or 0 ≤ l ≤ m− 1.
Next, if we fix z = ηn−m−1, we get 1 ×
∏m−1
i=0
w − θi
θm − θi , that gives 1 if w = θm.
Otherwise, w = θl with l ≥ m+ 1, then n−m− 1 + l ≥ n−m − 1 +m+ 1 = n.
Since (ηn−m−1, θl) must belong to ΩN , this yields l ≤ m and it is impossible.
Now if we fix w = θm, we get
∏n−m
j=0,j 6=n−m−1
z − ηj
ηn−m−1 − ηj × 1, that gives 1 if
z = ηn−m−1. Otherwise, z = ηk with k ≥ n−m. Since k +m ≤ n, it follows that
k ≤ n−m, i.e. k = n−m and the product vanishes.
The remaining case is the one for which (z, w) = (ηk, θl) with k ≥ n−m−1+1 =
n−m and l ≥ m+ 1, but this gives k + l ≥ n+ 1 and it is impossible.
Proof of (7.1): we deal with the case p + q = n (resp., p + q = n − 1 and
q ≥ m+ 1). In the first case, the polynomial ∏p−1j=0 z − ηjηp − ηj ∏q−1i=0 w − θiθq − θi has total
degree p + q = n and degw
(∏p−1
j=0
z − ηj
ηp − ηj
∏q−1
i=0
w − θi
θq − θi
)
= q ≤ m (since (ηp, θq)
must belong to ΩN ). In the second one, it has total degree p+ q = n− 1. It follows
that
∏p−1
j=0
z − ηj
ηp − ηj
∏q−1
i=0
w − θi
θq − θi belongs to Pn−1 ⊂ Pn,m, and this proves (1).
On the other hand, we see that, in any case, the polynomial
∏p−1
j=0
z − ηj
ηp − ηj
∏q−1
i=0
w − θi
θq − θi
cancels all the points (ηk, θl) with 0 ≤ k ≤ p − 1 or 0 ≤ l ≤ q − 1. We can then
assume in the following that k ≥ p and l ≥ q in order to prove (2).
In the first case p+ q = n, the conditions k ≥ p and l ≥ q yield k+ l ≥ p+ q = n,
then k + l = n (since (ηk, θl) must belong to ΩN ), i.e. k = p and l = q, for which
the polynomial gives 1. This completes the proof of the required equality (7.1) in
that case.
In the second case p+ q = n− 1 and q ≥ m+ 1, the conditions k ≥ p and l ≥ q
yield k + l ≥ p + q = n − 1, i.e. k + l = n − 1 or k + l = n (since k + l ≤ n). If
k+ l = n−1, i.e. k+ l = p+ q, necessarily k = p and l = q, for wich the polynomial
gives 1. Otherwise, k + l = n then necessarily l ≤ m ≤ q − 1 (by assumption), and
this is impossible since l ≥ q. The proof of (7.1) (and of the lemma) is complete.√
Remark 7.1. These formulas could also have been deduced by using the results
from [19] and [8] where the authors give algorithms to construct them in the general
case of block unisolvent arrays in Cd. Here we independently computed them for
the special case of ΩN and Pn,m in C2.
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A consequence of the previous lemma is the following result.
Corollary 6. For all N ≥ 1, the set ΩN is unisolvent for the space Pn,m: for every
function f that is defined on ΩN , there exists a unique polynomial P ∈ Pn,m such
that P (z, w) = f(z, w) for every (z, w) ∈ ΩN . In addition, the polynomial P is the
multivariate Lagrange polynomial
L(N)[f ] =
N∑
k=1
f (Hk) l
(N)
Hk
,(7.8)
where the l
(N)
Hk
’s are the functions mentioned in the statement of Proposition 3.
In particular, it will follow that these functions l
(N)
Hk
’s are indeed the required
FLIPs (for Pn,m and ΩN ) and this will complete the proof of Proposition 3.
Proof. As a recapitulation, Lemma 27 gives the existence of a family
{
l
(N)
Hk
}
1≤k≤N
⊂
Pn,m that satisfies l(N)Hk (Hl) = δk,l for all k, l = 1, . . . , N . This family is necessarily
linearly independent, and since its cardinal is N = dimPn,m, it is also a basis.
Let be P ∈ Pn,m. There are α1, . . . , αN ∈ C such that P =
∑N
k=1 αkl
(N)
Hk
. If P
vanishes on ΩN , it follows that for all j = 1, . . . , N ,
0 = P (Hj) =
N∑
k=1
αkl
(N)
Hk
(Hj) =
N∑
k=1
αkδk,j = αj ,
thus P ≡ 0.
This proves that ΩN is unisolvent: indeed, f being given, the function L
(N)[f ]
defined in (7.8) satisfies the required properties. If Q is another polynomial that
fulfills the same conditions, L(N)[f ]−Q belongs to Pn,m and vanishes on ΩN , then
L(N)[f ]−Q ≡ 0. √
7.2. An estimation of the Lebesgue constant for some intertwining se-
quences and applications. Now we assume that the sequences (ηj) and (θi)i≥0
are both Leja sequences for the unit disk (with |η0| = |θ0| = 1). We can then give
the proof of Proposition 1.
Proof. We begin with the proof of the first estimate. Since (ηj)j≥0 and (θi)i≥0 are
Leja sequences for the unit disk (with |η0| = |θ0| = 1), we get by an application of
Theorem 1 that for all k, l ≥ 0 and p, q with 0 ≤ p ≤ k and 0 ≤ q ≤ l,
sup
z∈D
∣∣∣∣∣∣
k∏
j=0,j 6=p
z − ηj
ηp − ηj
∣∣∣∣∣∣ ≤ π exp(3π) and supw∈D
∣∣∣∣∣∣
l∏
i=0,i6=p
w − θi
θq − θi
∣∣∣∣∣∣ ≤ π exp(3π) .
Let be N ≥ 1 and the associated numbers n ≥ 0 and m = 0, . . . , n. For all
(ηp, θq) ∈ ΩN , an application of Proposition 3 yields the following estimates:
• if p+ q = n, or p+ q = n− 1 and q ≥ m+ 1, one has by (7.1),
sup
(z,w)∈D
2
∣∣∣l(N)(ηp,θq)(z, w)∣∣∣ ≤ π exp(3π)× π exp(3π) = π2 exp(6π) ;
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• if p+ q = n− 1 and q = m, one has by (7.2),
sup
(z,w)∈D
2
∣∣∣l(N)(ηp,θq)(z, w)∣∣∣ ≤ π2 exp(6π) ;
• if p+ q = n− 1 and 0 ≤ q ≤ m− 1, one has by (7.3),
sup
(z,w)∈D
2
∣∣∣l(N)(ηp,θq)(z, w)∣∣∣ ≤ 3π2 exp(6π) ;
• if 0 ≤ p+ q ≤ n−2, 0 ≤ q ≤ m−1 and 0 ≤ p ≤ n−m−1, one has by (7.4),
sup
(z,w)∈D
2
∣∣∣l(N)(ηp,θq)(z, w)∣∣∣ ≤ [3 + 2(m− q − 1 + n− p− q − 2− (m− q) + 1)]π2 exp(6π)
= [2(n− p− q)− 1]π2 exp(6π) ;
• if 0 ≤ p+ q ≤ n− 2, 0 ≤ q ≤ m− 1 and p ≥ n−m, one has by (7.5),
sup
(z,w)∈D
2
∣∣∣l(N)(ηp,θq)(z, w)∣∣∣ = [3 + 2(n− p− q − 1)]π2 exp(6π) = [2(n− p− q) + 1]π2 exp(6π) ;
• if p+ q ≤ n− 2 and q = m, one has by (7.6),
sup
(z,w)∈D
2
∣∣∣l(N)(ηp,θq)(z, w)∣∣∣ ≤ [3 + 2(n−m− p− 2)]π2 exp(6π) = [2(n− p− q)− 1]π2 exp(6π) ;
• if p+ q ≤ n− 2 and q ≥ m+ 1, one has by (7.7),
sup
(z,w)∈D
2
∣∣∣l(N)(ηp,θq)(z, w)∣∣∣ = [3 + 2(n− p− q − 2)]π2 exp(6π) = [2(n− p− q)− 1]π2 exp(6π) .
In any case, the following estimate is valid for all (ηp, θq) ∈ ΩN :
sup
(z,w)∈D
2
∣∣∣l(N)(ηp,θq)(z, w)∣∣∣ ≤ 2 (n− p− q + 1)π2 exp(6π) .
This proves the first assertion of the corollary since by (1.15), N ∼ Nn ∼ n2/2.
The proof of the second part is similar since Proposition 3 is still valid with the
points ηj ’s and θi’s replaced with the Φ1 (ηj)’s and Φ2 (θi)’s respectively (notice that
the points Φ1 (ηj)’s and Φ2 (θi)’s are well-defined since all the ηj ’s and θi’s belong
to the unit circle). The only difference is an application of Theorem 2 instead of
Theorem 1, that yields for all k, l ≥ 0 and p, q with 0 ≤ p ≤ k and 0 ≤ q ≤ l,
sup
z∈K1
∣∣∣∣∣∣
k∏
j=0,j 6=p
z − Φ1 (ηj)
Φ1 (ηp)− Φ1 (ηj)
∣∣∣∣∣∣ ≤ M1(k + 2)2A1/ ln(2)(7.9)
and
sup
w∈K2
∣∣∣∣∣∣
l∏
i=0,i6=p
w − Φ2 (θi)
Φ2 (θq)− Φ2 (θi)
∣∣∣∣∣∣ ≤ M2(l + 2)2A2/ ln(2) ,(7.10)
where M1, A1 and M2, A2 are positive constants depending only on K1 and K2
respectively. By repeating the same argument of the first part, we get for all
(ηp, θq) ∈ ΩN :
sup
(z,w)∈K1×K2
∣∣∣l(N)(Φ1(ηp),Φ2(θq))(z, w)∣∣∣ ≤ 2M1M2 (n− p− q + 1) maxk+l=n(k + 2)2A1/ ln(2)(l + 2)2A2/ ln(2) .
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By setting A = max (A1, A2) and noticing that
max
k+l=n
(k + 2)(l + 2) = (n+ 2)2 max
k+l=n
k + 2
n+ 2
(
1− k
n+ 2
)
≤ (n+ 2)2 sup
x∈[0,1]
[x(1 − x)] = 1
4
(n+ 2)2 ,
we get
sup
(z,w)∈K1×K2
∣∣∣l(N)(Φ1(ηp),Φ2(θq))(z, w)∣∣∣ ≤ 2M1M224A/ ln(2) (n− p− q + 1)(n+ 2)4A/ ln(2) .
This proves the second part of the corollary since by (1.15), N ∼ Nn ∼ n2/2. √
Remark 7.2. The constant cn that appears in Lemma 26 can be improved. We
know by Theorem 6 from [4] that
cn = exp
A s∑
j=0
ǫj
 , where n = s∑
j=0
ǫj2
j .
At the end of the proof of Proposition 1, by using (6.4), we could improve (7.9)
and (7.10) to get
sup
z∈K1
∣∣∣∣∣∣
k∏
j=0,j 6=p
z − Φ1 (ηj)
Φ1 (ηp)− Φ1 (ηj)
∣∣∣∣∣∣ ≤ M1c2k = M1 exp
2A1 sk∑
j=0
ǫ
(k)
j

and
sup
w∈K2
∣∣∣∣∣∣
l∏
i=0,i6=p
w − Φ2 (θi)
Φ2 (θq)− Φ2 (θi)
∣∣∣∣∣∣ ≤ M2c2l = M2 exp
2A2 sl∑
j=0
ǫ
(l)
j
 ,
respectively. We could get (with A = max (A1, A2))
sup
(z,w)∈K1×K2
∣∣∣l(N)(Φ1(ηp),Φ2(θq))(z, w)∣∣∣ ≤ 2M1M2 (n− p− q + 1) maxk+l=n exp 2A
 sk∑
j=0
ǫ
(k)
j +
sl∑
j=0
ǫ
(l)
j
 .
Nevertheless, we cannot hope any improvement better than
∑sk
j=0 ǫ
(k)
j +
∑sl
j=0 ǫ
(l)
j ≤
2
∑s
j=0 ǫj (that yields (n+2)
4A/ ln(2) at the end of the proof), even though
∑sk
j=0 ǫ
(k)
j 2
j+∑sl
j=0 ǫ
(l)
j 2
j = k + l = n =
∑s
j=0 ǫj2
j . For example, if n = 2r+1 − 2 = ∑rj=1 2j
and k = l = 2r − 1 = ∑r−1j=0 2j , then ∑skj=0 ǫ(k)j +∑slj=0 ǫ(l)j = 2∑r−1j=0 1 = 2r =
2
∑r
j=1 1 = 2
∑s
j=0 ǫj.
Now we can give the proof of Theorem 3.
Proof. We begin with the proof of the part (1.22). By the first part of Proposition 1,
we immediately get
ΛN
(
D
2
, (Hj)k≥1
)
≤
∑
(ηp,θq)∈ΩN
sup
(z,w)∈D
2
∣∣∣l(N)(ηp,θq)(z, w)∣∣∣ ≤ ∑
p+q≤n
2 (n− p− q + 1)π2 exp(6π)
≤ 2nπ2 exp(6π) (n+ 1)(n+ 2)
2
= π2 exp(6π)n(n+ 1)(n+ 2) .
62 A BOUND FOR LAGRANGE POLYNOMIALS OF LEJA POINTS AND APPLICATIONS
It follows that
ΛN
(
D
2
, (Hj)k≥1
)
= O
(
n3
)
= O
(
N3/2
)
,
since by (1.15), N ∼ Nn ∼ n2/2. This proves (1.22).
The proof of (1.23) is similar. By applying the second part of Proposition 1, we
have that
ΛN
(
K1 ×K2, (Φ (Hj))j≥1
)
≤
∑
(ηp,θq)∈ΩN
sup
(z,w)∈K1×K2
∣∣∣l(N)(Φ1(ηp),Φ2(θq))(z, w)∣∣∣
≤ M(n+ 2)4A/ ln(2)
∑
p+q≤n
(n− p− q + 1)
≤ M
2
(n+ 2)4A/ ln(2)n(n+ 1)(n+ 2) .
Once again, it follows by (1.15) that
ΛN
(
K1 ×K2, (Φ (Hj))j≥1
)
= O
(
n4A/ ln(2)+3
)
= O
(
N2A/ ln(2)+3/2
)
.
√
Remark 7.3. At the end of the above proof, we could get a sharper estimate by
computing the sum
∑
p+q≤n (n− p− q + 1). But it seems useless since it will not
change the exponent of n (or N) that may not be optimal.
Now we deal with another application of Theorem 3 that is Corollary 3. We first
remind the notations from [17]: the Lipschitz space Lipγ
(
D
d
)
, 0 < γ ≤ 1, consists
of all holomorphic functions f ∈ O (Dd)⋂C (Dd) satisfying∣∣f (eihζ)− f(ζ)∣∣ ≤ L |h|γ ,
for any ζ ∈ Td (the unit torus in Cd) and h ∈ R (L > 0 being the Lipschitz
constant); then m ∈ N being given, the function f ∈ O (Dd)⋂C (Dd) is said
to belong to the Lipschitz space Lipmγ
(
D
d
)
if
∂αf
∂zα
∈ Lipγ
(
D
d
)
for any |α| =
α1 + · · · + αd ≤ m; lastly, for all n ≥ 0, P(d)n is the space of polynomials of total
degree at most n (in particular, P(2)n = Pn = Pn,n from (1.17)).
Next, we can remind the following result given as Theorem 7.2 from [17] and
that is a generalization of Jackson’s theorem in the polydisc.
Theorem 6. If f ∈ Lipmγ
(
D
d
)
then for all n ∈ N,
inf
P∈P
(d)
n
sup
z∈D
d
|f(z)− P (z)| ≤ L Cm,γ
nm+γ
.
We can then give the proof of Corollary 3.
Proof. Let fix m ≥ 3, 0 < γ ≤ 1 and f ∈ Lipmγ
(
D
2
)
. By Theorem 6, there is a
positive constant M > 0 such that for all n ≥ 1, there exists Pn ∈ Pn that satisfies
sup
(z,w)∈D
2
|f(z, w)− Pn(z, w)| ≤ M
nm+γ
.(7.11)
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On the other hand, let (ηj)j≥0 and (θi)i≥0 be Leja sequences for the unit disk
(with |η0| = |θ0| = 1), and let us consider the intertwining sequence (Hj)k≥1 defined
as in (1.14). For all N ≥ 1 with Nn < N ≤ Nn+1 (see (1.15)), let us consider ΩN
defined as in (1.18). One has in particular that
N ∼ n
2
2
.(7.12)
Now let us consider L(N)[f ] the (multivariate) Lagrange polynomial of f defined
by (1.20). Its existence is guaranteed by Proposition 3 and the fact that Hp ∈ D2
for all p = 1, . . . , N . A classical calculation yields for all (z, w) ∈ D2,∣∣∣f(z, w)− L(N)[f ](z, w)∣∣∣ ≤ |f(z, w)− Pn(z, w)|+ ∣∣∣Pn(z, w)− L(N)[f ](z, w)∣∣∣
≤ M
nm+γ
+
∣∣∣Pn(z, w)− L(N)[f ](z, w)∣∣∣ ,(7.13)
the second inequality being an application of (7.11).
On the other hand, we claim that L(N) [Pn] ≡ Pn. Indeed, L(N) [Pn] ∈ Pn+1,m
(by (1.16) and (1.17)) , as well as Pn ∈ Pn = Pn,n ⊂ Pn+1,m. Moreover, L(N) [Pn]
and Pn coincide on ΩN = Ωn+1,m that is unisolvent for Pn+1,m by Corollary 6.
This proves the claim.
It follows that∣∣∣Pn(z, w)− L(N)[f ](z, w)∣∣∣ = ∣∣∣L(N) [Pn] (z, w)− L(N)[f ](z, w)∣∣∣ = ∣∣∣L(N) [Pn − f ] (z, w)∣∣∣
≤ ΛN
(
D
2
, (Hj)k≥1
)
sup
(z′,w′)∈D
2
|Pn (z′, w′)− f (z′, w′)|
≤ ΛN
(
D
2
, (Hj)k≥1
)
× M
nm+γ
,(7.14)
the first inequality being valid since the Lebesgue constant is also the operator
norm of the linear operator L(N) that is the projection from C
(
D
2
)
onto Pn+1,m,
and the second one being an application of (7.11).
We can deduce by (7.13) and (7.14) that∣∣∣f(z, w)− L(N)[f ](z, w)∣∣∣ ≤ (1 + ΛN (D2, (Hj)k≥1)) Mnm+γ .
Finally, an application of (1.22) from Theorem 3 with (7.12) leads to
∣∣∣f(z, w)− L(N)[f ](z, w)∣∣∣ = (1 +O (N3/2))×O
 1(√
N
)m+γ
 = O( 1
N (m+γ−3)/2
)
,
and the corollary is proved. √
7.3. On the construction of explicit bidimensional Leja sequences. Now
we deal with the proof of Theorem 4. We remind the intertwining sequence (Hk)k≥1
constructed from any sequences (ηj)j≥0 and (θi)i≥0 of pairwise distinct elements,
and we prove the following result that gives a formula for the Vandermonde deter-
minant that can also be linked to Proposition 2.5 from [8].
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Lemma 28. We have for all n ≥ 0 and (z, w) ∈ C2:
V DM (H1, H2, . . . , HNn , (z, w)) =
n∏
j=0
(z − ηj)× V DM (H1, H2, . . . , HNn) .
Similarly, n ≥ 0 being given, we have for all N with Nn−1 < N < Nn (and the
associated m with 0 ≤ m ≤ n− 1), and all (z, w) ∈ C2:
V DM (H1, H2, . . . , HN , (z, w)) =
n−m−2∏
j=0
(z − ηj)
m∏
i=0
(w − θi)× V DM (H1, H2, . . . , HN )
(with the convention that
∏
∅ = 1 in case m = n− 1).
Proof. We have for all N ≥ 1 and all (z, w) ∈ C2 (the ep’s being defined by (1.13)),
V DM (H1, H2, . . . , HN , (z, w)) =
∣∣∣∣∣∣∣∣∣∣∣
e1 (H1) e1 (H2) · · · e1 (HN ) e1(z, w)
e2 (H1) e2 (H2) · · · e2 (HN ) e2(z, w)
...
...
. . .
...
...
eN (H1) eN (H2) · · · eN (HN) eN(z, w)
eN+1 (H1) eN+1 (H2) · · · eN+1 (HN ) eN+1(z, w)
∣∣∣∣∣∣∣∣∣∣∣
.
Let us consider the Lagrange polynomial of eN+1,
L(N) [eN+1] (z, w) =
N∑
p=1
eN+1 (Hp) l
(N)
Hp
(z, w) , ∀ (z, w) ∈ C2 .
Its existence is guaranteed by Proposition 3. Since L(N) [eN+1] is spanned by the
ep’s, p = 1, . . . , N , one also has
L(N) [eN+1] (z, w) =
N∑
p=1
αpep(z, w) , αp ∈ C, ∀ p = 1, . . . , N.(7.15)
The above determinant is not changed if we replace the last row LN+1 with
LN+1 −
∑N
p=1 αpLp. It follows by (7.15) that for all j = 1, . . . , N , eN+1 (Hj)
becomes
eN+1 (Hj)−
N∑
p=1
αpep (Hj) = eN+1 (Hj)− L(N) [eN+1] (Hj) = 0 ,
by the fundamental property of L(N) [eN+1]. On the other hand, the element
eN+1(z, w) becomes eN+1(z, w)−
∑N
p=1 αpep(z, w) = eN+1(z, w)−L(N) [eN+1] (z, w).
Thus
V DM (H1, H2, . . . , HN , (z, w)) =
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=
∣∣∣∣∣∣∣∣∣∣∣
e1 (H1) e1 (H2) · · · e1 (HN ) e1(z, w)
e2 (H1) e2 (H2) · · · e2 (HN ) e2(z, w)
...
...
. . .
...
...
eN (H1) eN (H2) · · · eN (HN ) eN (z, w)
0 0 · · · 0 eN+1(z, w)− L(N) [eN+1] (z, w)
∣∣∣∣∣∣∣∣∣∣∣
=
(
eN+1(z, w)− L(N) [eN+1] (z, w)
)
×
∣∣∣∣∣∣∣∣∣
e1 (H1) e1 (H2) · · · e1 (HN )
e2 (H1) e2 (H2) · · · e2 (HN )
...
...
. . .
...
eN (H1) eN (H2) · · · eN (HN )
∣∣∣∣∣∣∣∣∣
=
(
eN+1(z, w)− L(N) [eN+1] (z, w)
)
× V DM (H1, H2, . . . , HN ) .
The proof of the lemma will be complete once we have proved that for all (z, w) ∈
C2,
eNn+1(z, w)− L(Nn) [eNn+1] (z, w) = zn+1 − L(Nn)
[
Xn+1
]
(z, w)
=
n∏
j=0
(z − ηj) ,(7.16)
and for all m = 0, . . . , n− 1,
eN+1(z, w)− L(N) [eN+1] (z, w) = zn−m−1wm+1 − L(N)
[
Xn−m−1Y m+1
]
(z, w)
=
n−m−2∏
j=0
(z − ηj)
m∏
i=0
(w − θi) .(7.17)
We first deal with (7.16) and set
RNn(z, w) := z
n+1 −
n∏
j=0
(z − ηj) .
Since it is a difference of unitary polynomials of degree n + 1, RNn is spanned by
the zj’s for j = 0, . . . , n. Then RNn ∈ Pn,n, as well as L(Nn)
[
Xn+1
]
. On the other
hand, for all (ηk, θl) ∈ ΩNn , one has 0 ≤ k ≤ k + l ≤ n, then
RNn (ηk, θl) = η
n+1
k −
n∏
j=0
(ηk − ηj) = ηn+1k = L(Nn)
[
Xn+1
]
(ηk, θl) ,
i.e. RNn and L
(Nn)
[
Xn+1
]
coincide on the set ΩNn . Since ΩNn is unisolvent
for the space Pn,n by Corollary 6, it follows that RNn ≡ L(Nn)
[
Xn+1
]
and this
proves (7.16).
Now we deal with (7.17). We similarly introduce
RN (z, w) = z
n−m−1wm+1 − L(N) [Xn−m−1Y m+1] (z, w)− n−m−2∏
j=0
(z − ηj)
m∏
i=0
(w − θi) .
First, we claim thatRN belongs to Pn,m. Indeed,
∏n−m−2
j=0 (z − ηj)
∏m
i=0 (w − θi) =(
zn−m−1 + Sn−m−2
) (
wm+1 + Tm
)
, where Sn−m−2 ∈ C[z] with deg Sn−m−2 ≤ n−
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m− 2, and Tm ∈ C[w] with deg Tm ≤ m. Then
zn−m−1wm+1 −
n−m−2∏
j=0
(z − ηj)
m∏
i=0
(w − θi) =
= zn−m−1wm+1 − (zn−m−1 + Sn−m−2) (wm+1 + Tm)
= −zn−m−1Tm − wm+1Sn−m−2 − Sn−m−2Tm ∈ Pn−1 ⊂ Pn,m ,
since each term has total degree at most n−1. On the other hand, L(N) [Xn−m−1Y m+1] ∈
Pn,m then the claim is proved.
Next, let be (ηk, θl) ∈ ΩN . If k ≤ n−m− 2 (in case m ≤ n − 2) or l ≤ m, we
have
RN (ηk, θl) = η
n−m−1
k θ
m+1
l − L(N)
[
Xn−m−1Y m+1
]
(ηk, θl)−
n−m−2∏
j=0
(ηk − ηj)
m∏
i=0
(θl − θi)
= ηn−m−1k θ
m+1
l − ηn−m−1k θm+1l − 0 = 0 .
Otherwise, k ≥ n −m − 1 and l ≥ m + 1, then k + l ≥ n. Necessarily, k + l = n
thus l ≤ m (since (ηk, θl) ∈ ΩN ). It follows that l ≤ m < m + 1 ≤ l, and this is
impossible.
Hence RN vanishes on the set ΩN that is unisolvent for the space Pn,m ∋ RN .
An application of Corollary 6 yields RN ≡ 0 and this proves (7.17). √
As a first application, we prove Corollary 5 given in the Introduction, that is the
formula for the two-variable Vandermonde determinant of Schiffer and Siciak.
Proof. The proof is by induction on n ≥ 0. If n = 0, the assertion is obvious since
V DM (η0, θ0) = 1 =
∏
∅ .
Now if n ≥ 0, successive applications of the second assertion of Lemma 28 (with
m = n, n− 1, . . . , 0 and (z, w) = (ηn−m, θm+1)), gives that
V DM ((η0, θ0) , . . . , (η0, θn) , (ηn+1, θ0) , . . . , (η0, θn+1)) =
=
n∏
i=0
(θn+1 − θi)× V DM ((η0, θ0) , . . . , (η0, θn) , (ηn+1, θ0) , . . . , (η1, θn))
=
n∏
i=0
(θn+1 − θi) (η1 − η0)
n−1∏
i=0
(θn − θi)V DM ((η0, θ0) , . . . , (η0, θn) , (ηn+1, θ0) , . . . , (η2, θn−1))
...
=
n∏
m=0
n−m−1∏
j=0
(ηn−m − ηj)
m∏
i=0
(θm+1 − θi)
× V DM ((η0, θ0) , . . . , (η0, θn) , (ηn+1, θ0))
=
n∏
m=0
n−m−1∏
j=0
(ηn−m − ηj)
m∏
i=0
(θm+1 − θi)
× n∏
j=0
(ηn+1 − ηj)× V DM ((η0, θ0) , . . . , (η0, θn)) ,
the last equality being an application of the first assertion of Lemma 28 (with
(z, w) = (ηn+1, θ0)). It follows that
V DM ((η0, θ0) , . . . , (η0, θn) , (ηn+1, θ0) , . . . , (η0, θn+1)) =
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=
n∏
m=0
 m∏
j=0
(ηm+1 − ηj) ×
m∏
i=0
(θm+1 − θi)
× V DM ((η0, θ0) , . . . , (η0, θn)) ,
because
∏n
m=0
∏n−m−1
j=0 (ηn−m − ηj) =
∏n−1
m=0
∏n−m−1
j=0 (ηn−m − ηj) =∏n−1
m=0
∏m
j=0 (ηm+1 − ηj). The induction is achieved since
n∏
m=0
 m∏
j=0
(ηm+1 − ηj)
 = ∏
0≤i<j≤n+1
(ηj − ηi) = V DM (η0, . . . , ηn+1)
(similarly,
∏n
m=0 [
∏m
i=0 (θm+1 − θi)] = V DM (θ0, . . . , θn+1)). √
Another application of the above lemma is the proof of Theorem 4.
Proof. The proof is by induction on N ≥ 1. If N = 1, we have that |V DM(z, w)| =
|1| = 1, then any point (z, w) ∈ C2 reaches the maximum (in particular (η0, θ0)).
Now let be N ≥ 1 and assume that the first N points Hj ’s of the intertwining of
the Leja sequences (ηj)j≥0 and (θi)i≥0, are an N -Leja section for the compact set
K1 ×K2. The goal is to prove that the (N + 1)st point HN+1 of the intertwining
sequence reaches sup(z,w)∈K1×K2 |V DM (H1, . . . , HN , (z, w))|.
If N = Nn for some n ≥ 0, then an application of the first assertion of Lemma 28
gives that
sup
(z,w)∈K1×K2
|V DM (H1, . . . , HNn , (z, w))| =
= sup
(z,w)∈K1×K2
|V DM ((η0, θ0) , . . . , (η0, θn−1) , (ηn, θ0) , . . . , (η0, θn) , (z, w))|
= sup
(z,w)∈K1×K2
∣∣∣∣∣∣
n∏
j=0
(z − ηj)× V DM ((η0, θ0) , . . . , (η0, θn−1) , (ηn, θ0) , . . . , (η0, θn))
∣∣∣∣∣∣
=
 sup
z∈K1
n∏
j=0
|z − ηj |
× |V DM ((η0, θ0) , . . . , (η0, θn−1) , (ηn, θ0) , . . . , (η0, θn))| .
The maximum is reached on any point (ηn+1, w) with w ∈ K2 (since (ηj)j≥0 is a
Leja sequence for K1), then in particular on the (N+1)st point HNn+1 = (ηn+1, θ0)
of the intertwining sequence.
Otherwise, Nn−1 < N < Nn with n ≥ 1. An application of the second assertion
of Lemma 28 gives that
sup
(z,w)∈K1×K2
|V DM (H1, . . . , HN , (z, w))| =
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= sup
(z,w)∈K1×K2
|V DM ((η0, θ0) , . . . , (η0, θn−1) , (ηn, θ0) , . . . , (ηn−m, θm) , (z, w))|
= sup
(z,w)∈K1×K2
n−m−2∏
j=0
|z − ηj |
m∏
i=0
|w − θi| × |V DM ((η0, θ0) , . . . , (ηn−m, θm))|

=
 sup
z∈K1
n−m−2∏
j=0
|z − ηj |
 ×( sup
w∈K2
m∏
i=0
|w − θi|
)
× |V DM ((η0, θ0) , . . . , (ηn−m, θm))| ,
whose maximum is reached on the point (ηn−m−1, θm+1) (since (ηj)j≥0 and (θi)i≥0
are both Leja sequences for K1 and K2 respectively), that is exactly the (N + 1)st
point HN+1 of the intertwining sequence. This completes the induction and the
proof of the theorem. √
Remark 7.4. We can notice in the above proof that the choice for the (N + 1)st
Leja point is not necessarily unique. For N = Nn, we could choose any point
(zN+1, wN+1) with wN+1 ∈ K2 and such that (η0, . . . , ηn, zN+1) is an (n+ 2)-Leja
section. For Nn−1 < N < Nn, we could similarly choose any point (zN+1, wN+1)
such that (η0, . . . , ηn−m−2, zN+1) (resp., (θ0, . . . , θm, wN+1)) is an (n − m)-Leja
section (resp., an (m+ 2)-Leja section).
But the choice of (ηn+1, θ0) (resp., (ηn−m−1, θm+1)) for the (N +1)st Leja point
for N = Nn (resp., Nn−1 < N < Nn), is essential so that (H1, . . . , HN , HN+1) are
the first (N+1) points of an intertwining sequence (in order to apply Lemma 28 for
the determination of the following Leja points). Otherwise, searching the (N+2)nd
Leja point would become a hard task (and a fortiori the next ones).
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